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Abstract 
Polyelectrolytes feature prominently in many biological and industrial 
processes. However, despite their importance to some systems limited quantitative 
knowledge is generally available. 
Using a blend of classical Statistical Mechanics, numerical simulation and 
electrostatic mean-field theory we can analyze their behavior and influence in two 
general classes of systems: polyelectrolytes in isolation or attached at one end to a rigid, 
impermeable surface, making up a brush of charged chains. 
The latter serves as a nonspecific model of a cell exterior, a bilayer membrane 
with a partially embedded coat of polysaccharide molecules, and is used to gain some 
understanding of the influence of the cell coat on cell function. We develop a 
self-consistent approach to evaluate the chain segment distribution and the mean-field 
electrostatic profile for the coat of charge, in the presence of an electrolyte. For the latter 
we use the solution to a modified Poisson-Boltzmann equation, while the former we 
find by either numerical (lattice) simulation (exact enumeration and Monte Carlo) or 
from analytical, mean-field arguments. Determining the segment and potential profiles 
allows us to then obtain, alternately, the electrophoretic mobility of a coated particle or 
the direct interaction of two similarly coated surfaces. 
In the case of an isolated polyelectrolyte, we have derived an approximate 
analytic form for the segment distribution directly from first principles and utilized this 
expression to calculate the potentiometric titration of macromolecules as a function of 
internal and external conditions. 
Each study represents an imponant extension to previous works in these areas 
a here we have removed the necessity of assuming some arbitrary segment distribution. 
I 
V 
Requiring, as we do, that the total free energy of our systems of interest be a minimum 
(from self-consistency) we obtain the appropriate distribution for those particular set of 
environmental conditions. 
We compare the results of our calculations, as much as possible, with either 
results of more simplistic models previously adopted or with those of the most 
compatible system, in order to extract the direct influence of the polyelectrolyte chains. 
From these comparisons we are able to form the following conclusions. Firstly, for a 
surface coat of short-chains, the electrophoretic mobility appears not to show any 
significant deviation from the corresponding result for an assumed uniform segment 
distribution, for reasons we elaborate on later. Secondly, the interaction of two similarly 
(charge) coated surfaces is significantly longer ranged, beyond that of the equivalent 
double-layer force. So, too, the potentiometric titration curve of flexible polyelectrolytes 
is measurably different from the results of macromolecules of fixed conformation. 
I 
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CHAPTER 1. 
THESIS INTRODUCTION 
J 
As the biochemical sciences reveal more of the important features that lie at the heart 
of such biological phenomena as cell recognition, cell inhibition as well as the immune 
response, it becomes increasingly clearer that the charge of (biological) macromolecules plays 
a significant role in determining cell function (Sharon, 1974; Bretscher, 1985; Hakomori, 
1986). The suggestion that synthetic polymers, carrying ionizable groups, be studied as role 
models for naturally occurring charged macromolecules such as proteins, nucleic acids and 
polysaccharides (Staudinger, 1932) has stimulated and focussed interest on polyelectrolyte 
systems as a whole. 
In industry too polymeric macromolecules, both charged and uncharged, find 
application in many processes such as mineral flotation, the stability of colloidal dispersions 
and in rheology (for example, lubrication). Charged polymers, with the distinction that 
results from long-ranged electrostatic forces, offer considerable, yet often unexplained, 
possibilities for technological use. 
It is natural then to embark on qualitative and quantitative studies of systems 
involving synthetic polyelectrolytes existing in a variety of different circumstances: as either 
dispersed in solution or adsorbed or attached to neutral or charged substrates. This area is the 
subject of this thesis. 
Experimental studies of polyelectrolyte systems have been carried out for some time. 
They reveal a wealth of information that has yet to be explained quantitatively or even 
sometimes qualitatively (Morawetz, 1976). Simple descriptive models (e.g., Wall and 
Berkowitz, 1957; Mille and Vanderkooi, 1977) where the flexibility of the chain molecules 
has been neglected are of limited validity. While some progress in understanding has been 
made, the inadequacy of such models is generally accepted. Even those descriptions that take 
some account of chain conformations (Kuhn, et al., 1948; Harris and Rice, 1954; Katchalsky 
and Lifson, 1956) lack many features crucial to an adequate description. (See Rice and 
Nagasawa, 1961, Chps. 5 and 7, for a critique of these earlier works). 
Progress has been slow over the last few decades. Only with the availability of 
superior computational power has it been possible to implement suitable numerical methods 
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to systems of polymers of intermediate-to-long lengths, efficiently. As one example, 
modified Monte Carlo techniques (McCrackin, 1972) have been applied to systems that 
discuss primarily (neutral) polymer adsorption (Rubin, 1965; McCrackin, 1967; Mazur and 
McCrackin, 1968; Eisenriegler, et al., 1982), while in some applications surfaces with 
terminally attached polymers have also been studied (Feigen and Napper, 1979; Cosgrove, et 
al., 1987). Another numerical school of thought (originally propounded by Scheutjans and 
Fleer, 1979) involves a lattice calculation of chains, relying on self-consistent mean-field 
monomer densities. This work was applied originally to the adsorption of neutral chains 
(Scheutjans and Fleer, 1979), and more recently to terminally attached chains (Hirz, 1986; 
Cosgrove, et al., 1987) and to the adsorption of polyelectrolytes ( Papenhuijzen, et al., 
1985a; ibid 1985b; Evers, et al., 1986). 
On the analytical side are methods such as the self-consistent field theory of excluded 
volume (Edwards, 1965; Dolan and Edwards, 1974; 1975) and scaling theories (de Gennes, 
1979; Eisenriegler, et al., 1982) which have also shed light on many polymer properties. 
Meanwhile, more rigorous analytical techniques have demonstrated some adsorption and 
confinement characteristics of polymers (resp., Chan, et al., 1975; Chan, et al., 1976). 
Finally, modem theories of functional integrals (Freed, 1972) seem tailor made for the 
description of very long chain molecules and reveal some surprising results (Milner, et al., 
1988). 
These ideas and methods, originally developed for neutral polymer systems, allow 
natural extension to applications involving charged polymers. 
Here, a distinction is made between charged macromolecules of fixed (usually closed) 
conformation that may serve to model globular proteins and micellar or vesicular systems, on 
the one hand, and on the other to those of flexible, extended configuration. The latter may be 
likened to proteins in their denatured state, polysaccharides and/or glycolipid and 
glycoprotein composites as well as a host of manufactured polyion chains. The electrostatic 
properties of the former variety may adequately be described using conventional double-layer 
theories (Verwey and Overbeek, 1948) with possible modifications to account for 
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discreteness of charge, correlation effects, etc. (Mahanty and Ninham, 1970; Kjellander and 
Marcelja, 1985; Kjellander,1988; Kjellander and Martelja, 1988), provided that no variation 
in the structure of the macromolecule is expected under the conditions of interest. In stark 
contrast, the description of flexible macromolecules involves an additional complexity arising 
from their ability to readjust internal conformation whenever changes in environment occur. 
Flexible macromolecules are those that we shall consider here. 
The primary electrostatic features of such systems can be determined by an 
equilibrium average potential field, 'tf(r). This follows from the ideas embodied in the 
Debye-Hiickel and Gouy-Chapman theories (Verwey and Overbeek, 1948). The justification 
for this first order description of an electrical double layer against one or between two 
charged surfaces has been its success in reproducing the essential electrostatic features of 
these systems, if not quantitatively then at least qualitatively, (Kjellander and Mar~elja, 1986; 
Attard, Mitchell and Ninham, 1988). In our situation, too, all electrostatic correlations 
between ionic species, either free (electrolyte) or bound (monomer groups), are ignored 
except in so far as they determine, and are determined by, the mean-field. This greatly 
simplifies matters. Each species interacts, in one sense, independently of the others except in 
response to this potential field, averaged over all ion configurations. 
Within this level of approximation, the electrostatic potential field of our systems, are 
derived from the Poisson-Boltzmann equation. This is now to include an additional source of 
charge (supplementary to the usual mobile ion distribution) associated with the equilibrium 
distribution of (charged) monomer groups, np(r) (Hermans and Overbeek, 1948). 
The determination of this distribution is the key problem. Not only does np(r) depend 
on the internal properties of the polyelectrolyte (as it will in the case of neutral polymers) but 
also on the electrolytic environment, in our case via the mean-field. The polyelectrolyte as a 
whole adjusts to the condition of its surroundings thus affecting, in turn, the environment 
itself. At equilibrium, self-consistency between np(r) and the mean field must be maintained. 
The problem which provides a common theme throughout this thesis is this: How 
l 
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does one obtain a self-consistent mean electrostatic field, 'V(r), as determined by a 
Poisson-Boltzmann equation modified to include the self-consistent charge distribution of the 
polyelectrolyte? This problem will recur in each of the following chapters under different 
guises and will result in different solutions for this potential. In the subsequent chapters 
different techniques, both numerical and analytical, are brought to bear on the problem of a 
self-consistent monomer distribution, 11p(r). To avoid too much tedium the methods involved 
in each separate calculation are applied to different physical problems. The consequent 
interpretations are discussed, as often as possible, in terms off amiliar principles. 
For instance, in Chapter 2 we examine some of the consequences of introducing a 
flexible coat of short-chain polyelectrolytes onto a planar surface that is then subjected to an 
electro-osmotic flow. This system has been used to interpret the (hydrodynamically 
equivalent) problem of biological-cell electrophoresis in order to study the significance of a 
glycocalyx of a cell. The latter is an external covering of glycolipid and glycoprotein 
molecules, bound to the plasma membrane bilayer. Hitherto, only the more simplistic model 
of a uniform profile of monomers, distributed throughout a permeable region adjacent to the 
membrane wall has been used. (Donath and Pastushenko, 1979; Levine, et al., 1983; 
McDaniel, et al., 1986). 
Chapter 3 introduces a self-contained summary of relevant background analysis for 
the description of linear, flexible chain molecules. It is from this beginning that approximate 
analytical models are formulated (in later Chapters) for use on specific polyelectrolyte 
systems. In particular, this chapter contains some of the more important arguments and 
conclusions of a recent innovation in path integral theory (Freed, 1972) applied to a system 
of grafted polymers (Milner, et al., 1988) which is later extended (in Chapter 5) to an 
analogous system of grafted polyelectrolytes. 
Specifically in Chapter 4 we introduce a mean-field description of polymers to obtain 
an approximate closed form for np(r) for an infinitely dilute dispersion of polyelectrolytes in 
a bulk neutralizing solution. The application here is to the particular system of polyions made 
up of repeat units of ionizable groups. These may be likened to either carboxyl or sialic acid 
5 
residues. Both occur in abundance in biological systems and ionize depending on local 
electrostatic and electrolytic conditions. The overall state of charge of the chain must, in 
addition to the potential and to the charge-monomer distribution, be evaluated 
self-consistently. We study the potentiometric titration of these weak poly-anions and 
determine, among other things, their effective state of charge as well as their effective 
dissociation constant, as a function of pH for different internal and external conditions. 
In Chapters 5 and 6 we implement and compare two algorithms for the description of 
planar surface coats of charged chains. In Chapter 5, an analytical method based on the 
Milner, et al. (1988) model (introduced in Chapter 3) is used, while in Chapter 6 we 
implement a numerical description involving a biased Monte Carlo calculation. In each, we 
present segment density profiles under different conditions of degree of charge, electrolyte 
concentration and surface charge. In Chapter 5 we also evaluate the total force involved in the 
interaction of two similarly coated surfaces under the same variety of conditions. While this 
too was one of the objects for the MC calculation of Chapter 6 less reliable, yet consistent, 
results have to date been obtained. Nonetheless, the physical arguments involved with such a 
calculation are included. 
In the final section we conclude with a brief summary of results and suggest 
directions for possible future work. 
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CHAPTER 2. 
CONFORMATION OF SURFACE BOUND POLYELECTROLYTES: 
IMPLICATIONS FOR CELL ELECTROPHORESIS 
Abstract 
In this chapter we present a self-consistent calculation for a layer of short-chain 
polyelectrolytes grafted to a planar interface. Individual self-avoiding chain configurations are 
generated on a tetrahedral lattice. By evaluating the complete ensemble of configurations in the 
presence of a self-consistent field we determine averages for the equilibrium layer height, 
segment and charge density profiles. These describe the response of the layer to changes in the 
surrounding medium, in particular to electrolyte concentration. 
This self-consistent model of a biological cell, which is known to have an extended layer 
of charge exterior to the membrane bilayer surf ace, is applied to the problem of cell 
electrophoretic mobility. We compare the electrophoretic mobility deduced from the application 
of this model with that for a constant profile of charge and segments and with the case of a 
constant segment profile with a plane of charge, usually assumed in the literature. We find that, 
within the region of concentrations studied here and with the chain lengths used, there is general 
agreement between the different descriptions. 
! 
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2.1. Introduction 
It has been recognized for some time in the ( cell) electrophoresis literature that the 
outer surfaces of animal cells do not have smooth hard walls but instead possess a 
distribution of poly-charged appendages extending out from the membrane surface, making 
up a permeable "fuzzy" coat of charge called the glycocalyx. In particular, scores of articles 
(see McDaniel, et al., 1986; Donath and Voight, 1986; and references herein) have appeared j 
describing how the mobility of such a cell, when placed in an electric field, is affected by the 
hydrcxiynamic and electrostatic properties of this glycocalyx. 
The similar theoretical models explain how the deduced mobility depends not only on I 
the extent of the region occupied by the appendages but also on the distribution of charge and 
on the distribution of drag segments opposing the fluid flow through this region. The 
glycocalyx charge has enforced a revision of thought. Firstly, instead of a surface 
distribution (of charge) on the cell - confining all bound charges to the plane of the 
membrane - a volume distribution is adopted (Haydon, 1961; Parsegian, 1974). This 
introduces a volume density as an additional source term in Poisson's equation for the mean 
electrostatic potential, 'V· Secondly, a segment distribution restricts the flow of fluid through 
the layer or coat and this is normally accounted for by a frictional term in the Navier-Stokes 
equation for the fluid velocity. The form this term takes suggests a linear proportionality to 
the velocity with coefficient, a product of the number density of segments with a Stokes drag 
parameter for a sphere of effective radius, a. 
To date, however, no model for the distribution of segments and charges has been 
forthcoming. This is despite the fact that it is generally accepted that the appendages can be 
thought of as chains of (spherical) segments or beads, charged and uncharged, end attached 
to the membrane surface. Workers in this field have thus had to rely on simple assumptions 
for the structure of the glycocalyx: namely uniform distributions of charges and segments. 
The first series of articles (Donath and Pastushenko, 1979; Wunderlich, 1982; 
Levine, et al., 1983) laid the groundwork for the theoretical study of this system showing 
g 
that, with a uniform distribution of charge plus a uniform distribution of segments, the 
mobility was significantly reduced compared with the mobility evaluated under the 
Smouchowski-Helmholtz conditions, for the case of an equivalent surface density of charge 
concentrated at the membrane surface. An assumption of a coat of segments has thus 
resolved a dilemma concerning the interpretation of mobility data which had previously 
forced a postulate of a significantly lower net cell charge, when using the 
Helmholtz-Smoluchowski equation, than the actual titration charge expected. 
With the aim to elicit some of the more fundamental features of mobility dependence, 
recent experimental and theoretical work (McDaniel, et al., 1984, McLaughlin, 1985, 
McDaniel, et al., 1986 and Pasquale, et al., 1986) on greatly simplified model-cell coats 
(vesicles made of mixtures of phosphatidylcholine (PC) and the mono-, di- and tri-valently 
charged glycolipids GM, G0 or GT, respectively) has confirmed the earlier findings that the 
mobility increases, the further the charge is placed from the plane of shear, for a fixed 
glycocalyx extent. McDaniel, et al. (1984) began work examining the mobility of 
PC/glycolipid vesicles at high electrolyte concentration (0.1 M) using linear 
Poisson-Boltzmann (PB) theory assuming that either the charges were distributed uniformly 
throughout the coat or confined to a plane at the "hydrocarbon/water interface". This work 
was later extended by the same group (McDaniel, et al., (1985) to lower concentrations (and 
thus into the nonlinear PB regime) with the added elaboration that their plane of charge could 
vary within the coat. A uniform distribution of segments was assumed throughout. In all, 
quantitative reproduction of mobility data could be achieved. Meanwhile measurements 
(McLaughlin, 1985) confinn the physical expectations of the basic theory. 
A true cell glycocalyx generally comprises many types and sizes of glycolipids and 
glycoproteins so that although some of its components have a relatively simple structure, like 
GM1, most have more complicated features such as branching (GM1 is itself branched, albeit 
trivially, see McDaniel, et al., 1984), poly-ionization and significant flexibility. So, apart 
from an assumption of a fixed plane of charge some distance from their model membrane 
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surface as pursued by McDaniel and co-workers, the true charge and segment distribution of 
a complex glycocalyx is difficult to model. This is why most theoretical attempts to calculate 
the mobilities for erythrocyte cells, for instance, have been constrained to adopt uniform 
distributions. In addition, the lack of a theoretical model for these distributions has meant that 
the true nature and response of the glycocalyx to environmental changes has had to be 
overlooked. 
Concerning the simplified system of phosphalipid/glycolipid vesicles, the theoretical 
representation has involved an assumption of, firstly a uniform segment distribution 
extending out to about 25A from the membrane wall and secondly that either the charge(s) on 
these glycolipids is(are) fixed in a plane about lOA from the membrane surface, a distance at 
which the group would lie were the chain in the fully extended configuration, or are 
uniformly distributed. McDaniel et al. (1986) mention in a footnote that they have tested the 
validity of this approximation with a Gaussian distribution of charge and found that if the 
width of the Gaussian is less than 3A their approximation is good. In view of the findings 
concerning the effect on mobility of the position of charge, if the charge distribution were not 
only broad (relative to the Debye length, x:-1) but also concentrated at a different distance 
from the membrane surface compared with the position of the charge group in the fully 
extended configuration, then the mobilities would certainly be expected to differ. 
In this chapter we question, firstly, what difference to the deduced mobility does a 
consistently changing glycocalyx structure introduce above that for a uniform distribution of 
charge and segments? Secondly, if given a flexible chain having only one charged segment, 
how does the resulting mobility compare with the fixed plane assumption? 
A statistical mechanical model for end grafted polyelectrolytes on an impenetrable 
substrate is used to determine both the equilibrium charge and segment density profiles, as a 
function of the distance from the planar substrate. These profiles will adopt different shapes 
depending on local conditions of membrane surface charge and electrolyte concentration. 
Consequently, we can put the physically realistic features of an electro-osmotic flow through 
., 
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a coat of pol ycharged molecules on a sound basis. 
For the first comparison mentioned above, the charge distribution is taken to be 
proportional to the segment distribution and both are allowed to adjust to changes in the 
environment (in particular, as occurs in electro-osmosis, to changes in electrolyte 
concentration); the fluid drag within the coat will depend on the local density of elements, 
which will here again be treated as (independent) spheres. While for the second comparison 
we look at the distribution of charge, generated in a similar way, for a coat of short-chain 
molecules bearing only one charge group, as for GM 1, and distinguish this from the 
distribution of drag segments of the coat. 
In the next section we present the algorithm for the calculation of ensemble averages, 
the electrostatic potential profiles and the electrophoretic mobility. The results are shown and 
discussed in the third section. Conclusions are given in the last section. 
I 
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2.2. Ensemble Averages, Potential And Mobility 
(A) ST A TISTICAL NIECHANICS OF A COATED PLANAR SURF ACE 
Consider an impenetrable planar surface bearing end-grafted linear macromolecules. 
Each chain has N+ 1 repeat monomers or beads separated by an effective bond distance, l, 
along the chain. The zeroth monomer ( or segment) is fixed to the surf ace while all (N) others 
can freely occupy positions above this plane subject only to steric restrictions. 
A cartesian coordinate system with origin coincident with the surface bound monomer 
conveniently enables the positioning of all subsequent monomers of the chain in space. The 
directions between successive segments (i ~ i+ 1) may then easily be deduced from their 
positions within this reference frame. 
The conformations of a chain are treated in a more or less realistic way (incorporating 
relative bond orientations) by utilizing the Rotational Isomeric State Approximation (RISA) 
of Flory ( 1969). The RISA has each bond existing in either of three rotational stable states 
that correspond to the trans, gauche+ and gauche- conformers (Flory, 1969). The bond 
angles for these conformations are approximately tetrahedral, that is, cos-1 ( 1 /3). 
Consequently, for equal segment lengths, we may then argue that to quite a good 
approximation, the entire polyelectrolyte chain can be superimposed upon a tetrahedral lattice 
(Feigin and Napper, 1979) of lattice parameter, 4A. This being the case, the surface 
monomer can be conveniently sited at the origin of one of the two interpenetrating fee lattices, 
(0,0,0), while the first off-surface monomer (along the chain) is sited at the origin of the 
second fee lattice, (A,A,A). The surface is oriented so that its normal is parallel to the all-trans 
configuration of the chain. Thus, the plane at which the furthest possible monomer can exist 
is at a distance z = NA from the surface; in this case the chain is in the all-trans state. The 
figures to be discussed in the next section have all distances scaled with respect to this length, 
NA. 
The physical constraints imposed upon the chain are systematically handled while 
, 
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generating the individual chain configurations on this lattice. For instance, long-range 
interactions (that is, excluded volume effects) are accounted for by implementing (or 
allowing) only self-avoiding walks: no chain which overlaps itself is included in our 
ensemble. Given also the presence of the impenetrable surface, chain configurations which 
lie beneath this plane are likewise rejected. For the chain lengths and surface coverages 
studied, interchain interactions are not considered. From the imposition of these constraints, 
with the positioning of the ith monomer on the lattice, it follows that at most three possible 
directions are allowed for the (i+ l)th monomer: if bond i was chosen to be in the direction 
[a,p,y] from bond i-1, where a,p,y may take values +1, then the possible choices for bond 
i+ 1 are in directions [-a,p,y], [ a,-p,y] or [ a,p,-y] from the ith bond. Some of these will, of 
course, not be possible after testing for self-avoidance and impenetrability. 
For short chains (N<15 bonds) it is possible to enumerate the complete ensemble of 
allowed configurations on this lattice, some 3N configurations. Ensemble averages are then 
complete, within this (lattice) model and, within the RISA, give sensible representations of 
real chain properties. To evaluate all the contributions to the ensemble we implement the 
chain counting algorithm of Marcelja (1974). 
In determining thermodynamic averages for this system, each configuration of the 
(canonical) ensemble, and any resulting physical property of the chain, is weighted by a 
Boltzmann factor for the energy E of that configuration. The average of a parameter, v, then 
is given by 
M 
< v > = L v . exp(-PE.) M 
. J J ~ 
J=l / L exp(-~E) (2.1) 
j=l 
Here M represents the size of the ensemble; vj is the individual realization of v for the jth 
configuration with energy Ej; ~ = l/k8 T; k8 is the Boltzmann constant and T is the absolute 
temperature. 
I 
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In particular, we are interested in the ensemble average of the local density of 
segments and charges, ns(z) and nc(z), respectively, throughout the polyelectrolyte layer. 
These are all that are required to achieve self-consistency and for mobility calculations. In 
addition, it is of interest to calculate the ensemble average of the coat's extent into the solvent, 
~ax· This parameter provides us with a simple and direct way of following the response of 
the coat to changes in the environment, like changes in the electrolyte. 
It remains for us to examine the contributions to the energy Ej for the jth 
configuration. 
One contribution comes from the internal conformational energy of the chain 
molecules, E}nt, which we assume to have the binary state form (in the RISA), 
N-1 
Eint L ck 
k - e,r . 
~11; I i=2 
The terms in the sum are contributions to Ek int from the energies associated with the 
assignment of bond (i) to state Tl and bond (i-1) to state s, where s and Tl span the states 
trans (t), gauche+ (g+) and gauche- (g-). The end monomers possess no conformational 
energy. The numerical convention that is used (dropping the indices k and i for convenience) 
to quantify bond pair energies is as follows (Flory, 1969): 
and 
+ -
s = t, g ' g ; Tl = t, 
- 1 £ - 500 Cal. mol. + Tl=Q ,g 
1111 
-1 
£ 
11
s :::: 2200 Cal. mol. , 
+ - + 
Tl=Q ,g: s=Q,Q . 
These energy values are taken relative to the bonds being in the trans conformation, used as 
I 
I 
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the reference state. 
The only other contribution that is considered important here arises from the 
interaction of the macromolecule with its environment. This is assumed to act through an 
external potential, E/xt. For charged macromolecules, the dominant contribution is 
electrostatic: a mean-field potential, 'V· The ith segment along the chain bears a charge group 
of valency, vi. The cases we shall only consider are vi = 0 or -1, that is, they are either 
uncharged or carry a full unit negative charge. That is, the polyelectrolyte of interest is 
generally a poly-anion.The potential energy of interaction of the ith (charged) monomer with 
the mean electrostatic field is then given by vie'tf(z}), where e is the magnitude of the electron 
charge and z/ is the distance from the surface of this segment in this configuration. Due to 
translational invariance in the x-y plane the problem remains one dimensional (depending 
only on z). Therefore, 
(2.2) 
(B) INDUCED ELECTROSTATIC FIELD 
Normally when a surface of charge is immersed in an electrolyte a layer of 
counter-ion charge is induced adjacent to it (the two then constitute an electrical 
"double-layer"). In mean-field theory the electrostatic potential, 'V, which describes the 
resulting distribution of electrolyte ions, satisfies the Poisson-Boltzmann (PB) equation. The 
situation here confuses this description somewhat by the fact that the "surface" charge is 
extended into the electrolyte so that ions may diffuse into the glycocalyx. Screening of the 
bound charges at different levels may occur well before the extent of the coat is reached. 
There are thus two length scales for this particular problem: the usual Debye screening 
length, 1C"'1, and the end-to-end distance of the chain, L = NA, in the fully extended state (this 
is for the case of short chains, for very long chains the length scale of the polymer is, of 
... 
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course, Nl/2A). Again in a mean-field approximation, if the free electrolyte ions are still 
assumed to follow the Boltzmann distribution, then the dimensionless potential, w = e0'V, 
will satisfy the inhomogenous PB equation, 
(2.3) 
In Eq. (2.3), the electrolyte is uni-univalent, z is the distance from the grafting surface and L 
is again the fully stretched chain length, NA; 8 is the Heaviside step function; ,c2 = 
(81te20nc/E), ,c'2 (z) = (4ne20ne(z)/E); Eis the dielectric constant of the medium (taken to be 
the same inside as outside the polyelectrolyte layer), n0 is the number density of mobile ions 
in the bulk electrolyte and ne is the number density of bound charge groups (at z). 
In the region outside the coat the solution of the homogeneous form of Eq. (2.3), 
which satisfies the electroneutral condition of zero field at infinite distance from the surface, 
is (for a poly-anion), 
w(z) - 2 ln [ tanh((KZ-c)/2) ] , (2.4) 
where c is an integration constant. Inside the coat, Eq. (2.3) must be solved numerically as ne 
will generally be nonuniform. 
The solutions of Eq. (2.3) in the two regions, that is, Eq. (2.4) and the numerically 
determined solution of the full inhomogeneous PB equation, must satisfy matching 
conditions at the interface of the coat with the free electrolyte: the potential and field 
(derivative of w) must be continuous at the interface, z = L; the constant c is then determined 
by satisfying the zero surface charge condition at z = 0, 
dw 
dz - 0. 
J 
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We have only considered the case of a neutral wall as befits a membrane composed of neutral 
PC. Sharp and Brooks (1985) describe one method of obtaining a numerical solution of Eq. 
(2.3). Here we have opted for a Runge-Kutta procedure, using the solution (2.4) and its 
derivative as starting values, coupled with a regula-falsi root finder to determine the value of 
c giving the zero derivative at the membrane surface. This scheme gave no trouble except at 
very high and very low electrolyte concentrations (>5xl0-1M and <5x104 M). 
Even with a uniform nc Eq. (2.3) must still be solved numerically. However, for the 
assumption of a charge plane at a distance, b, from the surface (b < L) as considered by 
McDaniel and coworkers, the solution of (2.3) in the region between the neutral membrane 
wall and this plane of charge is given as (see Appendix 2A), 
w(z) - w(O) = 2 ln (cd (u,~)), where u = ~ 12 and~= e w(O) (2.5) ~ 
Here cd(u, ~) is a Jacobi elliptic function of argument, u, and modulus, ;. ; and c are 
determined from the matching conditions at the charge plane, as described in Appendix 2A. 
This solution has been used here more as a convenient check on the accuracy of the numerical 
algorithm rather than anything else; except for the case when the plane of charge lay close to 
the wall, where the numerical integration of (2.3) proved troublesome. It is a surprisingly 
easy, quick and accurate task to evaluate the elliptic function using its theta function 
expression as explained in Ninham and Parsegian (1971). The results from the numerical 
solution agreed with this analytic expression to at least 3 significant figures at low electrolyte 
but with better agreement at higher concentrations. 
(C) SELF-CONSISTENCY 
The charge layer induces an electrostatic field. In tum, the field (and electrolyte) 
influences, via Eext the configurational properties of the polyelectrolyte chain. Because of 
I 
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this interdependence of field and coat (specifically through the charge density distribution) an ! 
iterative scheme is used to evaluate the electrostatic/configuration quantities. For successive 
evaluations of potential profile and charge distributions, penultimate values of the 
corresponding input variables have been used. The iteration is continued until successive 
parameter evaluations have a relative difference less than a specified tolerance. At 
self-consistency, all polyion coat properties of interest are evaluated. These are plotted in the 
figures shown below. 
(D) ELECTRO-OSMOSIS 
The principle aim of this work is to describe the electro-osmotic flow past a surf ace 
that bears a nonuniform, responsive distribution of charge and segments. The model that is 
used here has the advantage that any effects of variations in the profiles through ensuing , 
changes in electrolyte concentration can be incorporated. 
We consider a steady-state electro-osmotic flow past a planar surface that carries a 
coat of end-grafted polyelectrolytes under an applied unit electric field. The suspending 
electrolyte solution is assumed to behave as a Newtonian fluid of kinematic viscosity, 11. The 
Navier-Stokes equation for the fluid velocity, v, for this system is given by, 
(2.6) 
The term linear in v is the frictional force arising from the flow past the chain segments, 
treated as independent spheres. The term on the right-hand-side represents the driving force 
associated with the coupling of the unit electric field with the free charge density associated 
with a fluid element at a distance z from the surface, PfreeCz) = -2en0sinh(e~'V(z)). Here, 
67t11a is the Stokes drag coefficient for a sphere of (effective) hydrodynamic radius, a. n5 is 
the number density of segments at a distance z from the wall. 
I 
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The fluid velocity vanishes at the solid wall and becomes constant at infinite distances 
from the wall. That is, 
v=O at z=O (2.7) 
v~-µ as z~oo. 
µ is the desired electrophoretic mobility. 
In addition to these conditions, both the velocity and its derivative must be continuous 
across z = L. In the region outside the coat Eq. (2.6) can be integrated twice to obtain, as a 
solution satisfying the second of conditions (2.7), 
v(z) = E 'V(z) - µ . 
4m, 
(2.8) 
Inside the coat, Eq. (2.6) in general must also be solved numerically (solution (2.8) and its 
derivative can be used as starting values). The value for the mobility, µ, is determined by 
satisfying the remaining (stick) boundary condition at z = 0. The numerical methcxi employed 
to solve (2.6) is the same as that used to solve (2.3). 
If the segment density is uniform throughout the coat then Eq. (2.6) can be solved 
analytically for an arbitrary distribution of charge. Regardless of the electrostatic geometry, 
the electrophoretic mobility,µ, can be shown (see Appendix 2B) to be given by, 
L 
1 J Pfree(z') . , , £'V(L) µ = k - sinh (k(L-z )) dz -
0 Tl L 41tT1 
P (z') 
+ tanh(kL) [ E'V'(L) - J- free cosh (k(L-z')) dz' ] (2.9) 
k 4rni O Tl 
where k = (61tan
5
) 112, which has the dimensions of an inverse length . This explicit result 
appears not to have been given previously in the literature, though more specific results have 
20 
appeared for the particular conditions of either linearized distributions of electrolyte (using the 
linearized PB equation) or assuming a constant charge distribution, all with symmetric 
electrolyte. The above expression is in a convenient form to use for arbitrary potential 
profiles that result from a variety of bound charge distributions, asymmetric electrolyte and/or 
membrane surface charge. In addition, it provides a quick check on the numerical solution to 
Eq. (2.6). The two were found to agree to at least a 3-figure accuracy. 
j 
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2.3. Discussion of Results 
(A) UNIFORMLY CHARGED CHAINS 
The glycocalyx of, for example an erythrocyte cell, possesses an assortment of 
glycolipids and glycoproteins, of varying length, flexibility and degree of charge. It is an , 
impossible task to completely model such a complex system. So instead we concentrate on a 
relatively simpler system though still somewhat more elaborate than simply assuming a 
uniform profile of charge and segments. 
Although it is feasible to enumerate all possible configurations (,.., 3N) for a chain of 
repeat length, N :=:: 15, to do so in the presence of a self-consistent field, for a range of 
parametric conditions, quickly exceeds computational sensibility. As we seek simply to draw 
a comparison between the mobilities for uniform profiles of charge and segments and those 
for self-consistent responsive profiles we have opted for a chain of length N = 10, with the 
hope that it will provide us with an acceptable comparison of mobility behaviour while still 
being a convenient chain length to work with. 
The electrolyte solution is treated as a good polymer solvent. That is, there is no 
preference for polymer-surface interactions, rather, polymer-solvent interactions are favoured 
(this is not an important consideration except at quite high electrolyte concentrations). 
Figure 2.1 demonstrates the typical effect of introducing charges on each segment 
along the chain with the countering effect of electrolyte screening: we plot the density 
distribution of segments (which, as we mention above, for simplicity is considered 
proportional to the charge distribution) as a function of the normalized distance from the wall, 
s = z/NA (The continuum curves are achieved by a cubic spline interpolant which is needed 
for the numerical algorithm). The solid line, curve "a", shows the distribution of segments 
for a neutral polymer, that is our polyanion at infinite screening. The sequence of curves a -t 
d then show charge/segment densities for decreasing electrolyte concentration. Quite clearly, 
in a -t d the average chain configuration favours stretched chains with an increase in 
I 
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Normalized Distance ( z/N/\;) 
FIGURE 2.1. A sequence of monomer (segment) density profiles for an 
N+l bond chain, N= 10 (the zeroth monomer is fixed to the surface), 
plotted against distance from the surface given in units of L = NA. The 
lattice parameter, 4A = 2.5x10-cm while the surface density of chains 
is 3.75xl0 12cm-2.These parameters are the same in Fig. 2.2 and 2.3. 
The sequence of curves show the effect of electrolyte on the equilibrium 
configuration: curve 'a' is the profile for a neutral chain; curve 'b' is that 
for a chain of charges in O.lM salt; curve 'c', in a salt concentration of 
10 mM; curve 'd', in a salt concentration of 1 mM. 
1.0 
I 
I 
22 
stretching for any decrease in screening. 
To complement these curves we show in Fig. 2.2 the ensemble average of the 
maximum distance to which the chains extend into the solution, ~ax, in units of NA as a 
function of added electrolyte. The coat expands with decreasing electrolyte as electrostatic 
repulsion between charged monomers increases. The extent of the brush tends, in the limit of 
low electrolyte, to the fully stretched configuration while, in the opposite limit ( of infinite 
screening) the neutral case is recovered. Though the tendency, in low electrolyte, is to the 
fully stretched chain the limit is difficult to achieve as the configurational entropy of the 
chains still provides a competition to any stretching even in this extreme case as is 
demonstrated in this figure by the slow convergence (on this log-linear scale) of ~ax· Only 
at T = 0, when entropy dissappears, will the chains be fully stretched in the low electrolyte 
limit. 
In evaluating the mobility at different concentrations, the appropriate charge/segment 
distribution with corresponding (self-consistent) electrostatic potential is needed. One can 
clearly see that this may quickly become a (CPU) time consuming problem. 
In Fig. 2.3 we show two sets of two mobility-vs-concentration curves. Those of set 
A are evaluated with the effective hydrodynamic radius of a segment, a, equal to 2.5A while 
those of set B have a= 12.SA. These values fully cover the range of sizes normally expected 
for sugar groups (-3.SA). In set B then, the segments are larger and so the drag due to each 
is 5 times greater than those for set A giving a diminished mobility overall. The solid curve of 
each set shows the values of mobility as deduced with the algorithm presented above. The 
broken curve of each set is the corresponding result (for otherwise the same parameters) as 
deduced with the assumption of uniform distributions of charge and drag segments. 
The assumption of a uniform profile is (surprisingly) in agreement with the model 
presented here, for both values of the hydrodynamic radius chosen. The largest difference 
appears to be only a few percent. It is clear that at low salt concentration the two models 
should produce similar results as it is in this region that the chains in the coat are quite 
stretched (as is demonstrated by curved of Fig. 2.1), mimicking a uniform profile and with 
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FIGURE 2.2. A plot of the variation, with electrolyte concentration, 
of the ensemble average of the chain extent from the surface, dmax . 
Parameter values as for Fig. 2.1. 
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FIGURE 2.3. Electrophoretic mobility as a function of electrolyte concentration. 
The solid lines are obtained using the model introduced here while the broken 
curves are obtained using the approximation of uniform distributions of charge 
and segments based on corresponding conditions: the latter profiles are constant 
at 6x10 20 (groups) cm-3, extending to a distance of NA from the surface. 
Set A assumes a hydrodynamic segment radius, a, of 2.5A while those of set B 
have a= 12.5A. The viscosity is that of water, 11 = 8.91x10-3cni1 .g. sec -1. 
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Debye-length so large that deviations in the density curvature is not "seen". But why should 
the two models be so similar over such a large range of concentration? 
In using the approximation of a uniform profile, perhaps a fortuitous cancelation of 
effects occurs. Several authors (Levine, et al., 1983; McDaniel, et al., 1986; McLaughlin, 
1985) have already confinned that it is the bound charges lying at the extreme of the coat that 
produce the greatest driving effect to the cell. In opposition to this, being in this extreme 
region where the fluid velocity takes on its largest value, within the coat, means that these 
segments produce the greatest drag on the cell. With the collapse of the coat at higher 
concentrations, fewer segments exist in the outer coat region, this reduces the electrostatic 
drive to the cell but also reduces the restraining drag. It can be conjectured that these two 
effects cancel to some extent in the uniform profile description, and to different extents for 
different set of parameters. It can be seen from comparisons between the sets A and B, of 
Fig. 2.3, that a change in the segment size, a, does have some small effect on the qualitative 
difference between the two descriptions, though little quantitative effect. 
(B) SINGLY CHARGED CHAINS 
McLaughlin, McDaniel and coworkers have sensibly sought to extract information 
from the electrophoresis of simplified systems, namely vesicles made up of mixtures of 
phospholipids (in particular, phosphatidyl-choline, PC, and phosphatidyl-serine, PS) and the 
simpler of the glycolipids (GM1_3, G01 _3 and GT1_3) normally found in cell coats, rather than 
work with more complex (real) cells with all the deductive difficulties this entails. 
Here we investigate any anomalies arising from a theoretical description of such 
systems using the current model compared with that based on the assumption of a fixed plane 
of charge in the fully extended configuration together with a uniform distribution of 
segments. 
We imagine a membrane composed of a mixture of PC (a zwitterionic and therefore 
neutral phospholipid) and a molecule composed of a hydrocarbon tail with a 5-group 
hydrophilic "head", one group of which is charged. We will study two cases when either the 
I 
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third and fifth ( counting from the surf ace) group along the chain is charged. The resulting 
charge distribution is contrasted with a plane of charge located at a distance, b, from the 
surface at which the relevant group would be found if the molecule were in its most extended 
state. 
The distribution of the third and fifth segments, using our statistical mechanical 
scheme, is not confined to a plane as might first be imagined. In Fig. 2.4 we show these 
distributions. The solid curves show the distributions of these groups when neutral while the 
broken curves show the same distributions when charges are introduced on these groups 
which then respond to variations in electrolyte content. The particular case of 1 o-2M salt is 
shown in this figure. The introduction of charges, even in low electrolyte, does little to 
"sharpen" the distributions (quite the opposite for the distribution of the end group); the 
degree of sharpness will, however, depend on the Debye length. So how do these 
distributions affect the mobility relative to that of planar charges? 
In an effort to be of some relevance to earlier work, we have used similar parameter 
values, for example segment length and surface coverage of our "glycolipid" in our 
"membrane", to those quoted in McDaniel, et al., (1986). These values are given in the figure 
captions. 
The solid lines of Fig. 2.6 show the mobility results generated using the current 
self-consistent algorithm for the distribution of charges typically shown in Fig. 2.4 and the 
corresponding segment distribution (shown in Fig. 2.5) of a 5-segment chain (set A is for a 
charged 3-group and set B is for a charged end-group). These results are to be contrasted 
with the mobilities determined using a planar charge assumption, at a distance comparable 
with the position of the charged segment in the fully extended configuration, combined with a 
uniform segment distribution. These appear as the broken lines in this same figure. 
There is a clear difference between the two descriptions, for either charge group. The 
difference is less significant for the case when the third group is charged. The greatest 
difference between the mobilities deduced from the two descriptions for this case is about 
20%. This is compared with a significant factor of about 1-2 when the charge group is at the 
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FIGURE 2.4. Charge group distributions for a 5+ 1 bond chain. Only one 
monomer is charged. Set A shows the distribution of the third group at 
infinite screening (solidus line) and at 10 mM electrolyte (broken lines). 
Set B shows the distribution of the end group under like conditions. In this 
case the lattice parameter, 4A= 28 A and the surface coverage of chains is 
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FIGURE 2.5. Full segment density profile for a (neutral) 5+ 1 segment 
chain for the same parameter set as in Fig. 2.4. 
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I 
i 
25 
end of the chain. Although a 20% difference may not appear so important this difference may 
quite erroneously be subsumed in the estimation of the drag radius (another unknown 
parameter) when fitting mobility data. McDaniel, et al. (1986) have already shown that 
deduced mobilities are largely insensitive to variations in drag radius. 
In both cases the broken curves lie consistently below the solid curves, that is, are 
more negative. This arises because the chosen position of the plane of charge is invariably 
further from the surface than the peak of the distributions deduced here, implying that the 
driving force of the coat is overestimated in the former case. We can of course get agreement 
between the two descriptions by shifting the plane closer to the membrane surf ace. The 
dotted curve in set B of Fig. 2.6 shows the mobility values obtained using a charge plane at 
an a posteriori determined position of about 70% of the fully extended length. This lies close 
to the position of the peak of the end group distribution. Reasonable quantitative agreement is 
achieved though there appears a slight qualitative disagreement. 
The segment distribution (Fig. 2.5) does not change appreciably with salt as only one 
of its members is charged. The difference between the models, we may then safely argue, 
stems soley from the different locations of charges. 
For completeness we show, in Fig. 2.7, the potential profiles at a concentration of 
10-2M for both cases of the third and fifth segment being charged. The solid lines again refer 
to the results generated using the current algorithm while the broken curves show those for 
planar charge distributions. It is surprising that the noticeable difference in electrostatic 
potential for the two descriptions, both in magnitude and shape, can give such similar 
mobilities. As an example compare the solid curve and broken lines of set Bin Fig. 2.7 with 
the corresponding lines of set B in Fig. 2.6. The dotted curve shown in Fig. 2.7 corresponds 
to the potential for the plane of charge giving the dotted curve in Fig. 2.6. 
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FIGURE 2.7. Electrostatic potential as a function of distance from the surface 
for the cases described in Fig. 2.4 & 2.6, at a concentration of 10 mM. The 
solid curves show the potential profiles that correspond directly to the charge 
distributions shown as broken curves in Fig. 2.4. The broken curves in this 
figure correspond to those for the respective charge plane positions as 
described in Fig. 2.6. 
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2.4. Conclusions 
In respect to the results for the uniformly charged chain we must admit to being in a 
quandary. On the one hand, one may accept the strikingly similar results obtained using the 
two descriptions of this system as we have done, arguing that no measureable difference 
exists between the two and that the cell mobility data may justifiably be interpreted using a 
uniform distribution of charge and segments to model the glycocalyx. On the other hand we 
cannot rule out the possibility that this may not be the end of the story. Perhaps for much 
longer chains (probably closer to the average length of real membrane-bound molecules), 
where the chain size can be much longer than several Debye screening lengths a difference 
between the two descriptions may indeed appear. Unfortunately, such an investigation is 
beyond the limits of the present exact enumerative study but lies within the bounds of a 
Monte Carlo analysis. 
The results for a singly charged macromolecule speak for themselves. A planar 
surface charge assumption gets progressively worse an approximation as the charge position 
is located further along the chain. Although one may attempt to adjust for this discrepancy in 
a post hoc fashion this introduces uncertainties in the subsequent predictive ability of the 
theory. McDaniel, and coworkers (McDaniel, et al., 1984 & 1986; Pasquale, et al., 1986; 
McLaughlin, 1985) have taken steps to eliminate, as much as possible, any additional fitting 
parameters such as position of charge plane through independent means. This can only 
improve the standing of this theory for interpretation of cell mobility. 
In this chapter we have sought to compare previously-used crude models of cell 
mobility with an improved statistical mechanical model of surface bound polyelectrolytes. We 
have found that general agreement between this model and the cruder versions exists. This 
gives encouragement to the results and deductions already obtained using the latter. 
Much work is still to be done on cell mobility with a flexible glycocalyx. The effect of 
chain length needs to be examined, as mentioned earlier. In addition, the bound charge 
• 
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groups are·not of fixed strength as assumed here, only a fraction of these are fully ionized. 
The degree of ionization will depend on the local electrostatic potential, through a local law of 
mass action, and is influenced by surface charge as well as electrolyte, in particular to the 
presence of divalent ionic species: as the local ratio Ca++fNa+ changes inside the glycocalyx 
(near physiological concentrations), both the ionic profile and the bound charge (hence, 
segment) profile will differ. 
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APPENDIX2A 
Electrostatic potential for a plane of charge 
The geometry we will be considering here is of a planar sheet of charge at a distance, 
b, from a solid, uncharged planar boundary. Figure 2A shows this geometry along with the 
potential distribution expected from this arrangement. This figure is reminiscent of the 
situation giving the half-space electrostatic potential distribution between two interacting, 
similarly charged, surfaces as studied by Ninham and Parsegian (1971). In their case the 
potential outside of the surfaces is constant (though their Fig. 1 erroneously depicts a 
decaying potential). Here the potential distribution for z > b is given by our Eq. (2.4). The 
potential between the membrane surface and the plane of charge satisfies the 
Poisson-Boltzmann equation, written here as, 
<f'y ·~? -y J: J: y 
- = -- [ e /1.; - 1-; e ] dz2 2 (2A.1) 
where y = eP(\V(z) - 'V(O)), ; = exp(eP'lf(O)) and K2 = 81te2PnofE. Upon first quadrature we 
get, 
dy v- -y y 2 3y 2y 1/2 2 
- = + _I'\._ e [ e + ~ e + Ce ] · C = - 1 + ~ dz 1n 1-; ' 1-; ~ 
(2A.2) 
Where the integration constant, C, has been determined from the zero derivative condition, 
corresponding to zero surface charge, at z = 0. With a change of dependent variable, q> = eY, 
this equation can be written as, 
d~ 
dz (2A.3) 
z=O z=b 
(J 
'tf(O) 
Electrostatic Potential, 'V 
'V(b) 
FIGURE 2A. Schematic description of the electrostatic potential for a plane of 
charge, cr, at a distance, b, from a neutral interface. 
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with <t>+ = 1/~2. Furthermore, (2A.3) may be inverted and with another change in variable, <t> 
= t 2, expressed in elliptic integral form, 
(2A.4) 
where w = <t>l/2(z). Equation (2A.4) has as a solution a Jacobi elliptic function (see Whittaker 
and Watson, 1952 or Abramowitz and Stegun, 1968), w = cd (u;~), of argument u and 
modulus~- The negative sign has been taken to comply with w < 1. 
As yet~ or equivelantly 'lf(O) is undetermined. This remaining factor, along with the 
integration constant, c, of Eq. (2.4) of the text, is found by matching the solutions, in the 
regions I and II, at the plane of charge located at z = d under the following conditions, 
chV1 (d) 
'Vi (d) = 'Vn (d) and dz 
d\\fn (d) 
dz 
47t0' (2A.5) 
--
e 
These two conditions, determining~ and c uniquely, with Eq. (2.4) of the text and the elliptic 
function result above, give the coupled set of nonlinear equations, 
and 
~'(d) 
~ (d) 
(2A.6) 
1n 112 K~ [~ (d)(~ (d)-1)(~ (d)-~ )] 41te~cr 
_ - + = - 2Ksinh(e~'lfn(d)/2) . 
~(d) £ 
(2A.7) 
Equations (2A.6) and (2A.7) must be solved simultaneously, albeit numerically. 
J 
': 
i 
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APPENDIX2B 
Mobility for a uniform distribution of segments 
The Navier-Stokes equation for the fluid velocity of flow past a surface bearing a 
uniform distribution of segments is given as 
(2B. l) 
Where A = 61ta11ns, with ns a constant. For z > L the solution satisfying the appropriate 
conditions (2.7) of the text is given again by Eq. (2.8) of the text. For z < L, Eq. (2B. l) is 
an inhomogeneous ordinary differential equation with constant coefficients with solution of 
the form, 
kz -kz 2 ') t 
v (z) = p (z) e + p (z) e ; k = /\111 . 
+ -
(2B.2) 
Using the method of variation of parameters (equivalent to a Green function technique), the 
coefficients, P±, are given by, 
z 
1 1-Pfree (s) - (±)ks 
P (z) = +- e ds ± - 2k 
0 11 
(2B.3) 
These then give for v(z) the expression, 
z 
1 J -p free ( S) 
v(z) = k sinh (k(z-s)) ds + 2c + sinh (kz) , 
0 11 
(2B.4) 
where the constant c_ has been eliminated using the zero velocity (stick) condition at z = 0. 
I 
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The remaining constant C+ and the mobilityµ are determined by the continuity conditions for 
the velocity and its derivative at z = L. These conditions give, 
and 
L 
E\V'CL) 
47t11 
L 
J 
-pfree(s) 
--cash (k(L-s)) ds 
0 11 
C = ~--------------------~ 
+ 2k cosh (kL) 
1 J Prre/s ) . E\VCL) µ = - - sinh (k(L-s)) ds - --
k O 11 L 47t11 
tanh(kL) to/ (L) J p fre/ s) 
+ k [ - - cosh (k(L-s)) ds] . 
47t11 0 11 
(2B.5) 
(2B.6) 
This result retains the correct limits: ask becomes infinitely large the Smoluchowsk:i 
formula is recovered, but now with the plane of shear at z = L; a similar limit results when L 
vanishes. 
I 
II 
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CHAPTER 3. 
A REVIEW OF CANONICAL STATISTICS OF AN IDEAL POLYMER 
33 
In this chapter we present a relevant summary of the (probably) well known 
formalism for the statistical distribution of configurations of an ideal flexible chain, existing 
both as a perfect random flight and as one experiencing an interaction potential. In addition 
we introduce some results which, though not explicitly used in any later work, are of some 
interest. We also venture into the more modern "path" integral or functional integral 
description of chain statistics. 
As one of the first self-contained studies of random walk statistics, from which many 
adaptions have since been made, Chandrasekhar (1943) presented a general formulation of 
the problem of random flights as well as the related problems of the Brownian Motion of a 
free particle and of a particle in a field of force. It would thus be fitting to review his logical 
presentation. However, as his nomenclature is somewhat less appropriate in the current 
context, this chapter will instead follow in part the more modern monographs of Yamakawa 
(1971) and in part a review article by Freed (1972). Moments arise, though, when we shall 
lapse into a more respectful mode and refer to the original work. In addition to this, we 
embark on a brief reconnoiter of a recent innovation first presented by Milner, Witten and 
Cates (1988) on a path integral mcx:lel of a surface brush of neutral polymers. 
Some specific ideas given in this survey of chain statistics are used later as bases for 
extensions to polyelectrolyte systems. So, although connected, the individual sections 
demarcate possible points of departure, from which different analytical approaches to 
polymers (and polyelectrolytes) may be made. In particular, Sec. 3.1, below introduces the 
most fundamental of statistical analysis from which Chapter 4 makes its beginning, while 
Sec. 3.3 sets the scene for the work presented in Chapter 5. 
I 
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3.1. Ideal Polymer Configurations: The Random Flight. 
Consider a system of an ideal flexible chain dispersed in solution, in isolation. The 
chain comprises N+ 1 identical elements connected linearly and numbered 0, 1, 2, ... , N from 
one end. The positions of these elements are determined by the appropriate vectors r 0, r 1, 
r2, ... , 'rN. In the absence of any anisotropic influence, e.g. an external field or any 
boundaries, the co-ordinate system is considered arbitrary as the statistical properties of an 
isolated chain are independent of the reference frame. Thus we may set r0 = O; that is the 
zero-th monomer is placed at the origin. 
To a good approximation one may formally partition the potential energy of the 
polymer, Up, into two terms. One term accounts strictly for the connectivity of the segments 
through valence bonding, Uf while into the other term, W, are subsumed all other 
interactions, such as steric hindrances, bond angle restrictions, long-range and solvent 
effects, etc. Thus UP can be written as 
N 
U ({r.}) - '°' u.(r., r . 1) + W({r.}). p J L... J J J- J (3.1) 
j = 1 
Here { rj) is a shorthand way of writing the set of coordinate vectors r0, r1, r2, ... , rN. W, 
written in this form, represents a kind of potential of mean force acting on the polymer. 
There are many degrees of internal and rotational freedom about the individual bonds 
of a chain and with the ever-present thermal or fluctuation forces, e.g., Brownian Motion, 
the segments can adopt a large number of relative orientations, consistent with their internal 
constraints. Thus, an entire ensemble of possible chain configurations exist. In reality, far 
from being able to specify each monomer position and so determine the characteristics of 
each individual chain configuration, the most efficient consideration of a polymer property is 
from a statistical basis. Thus, the system of an isolated chain is best described by the 
11 
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canonical configurational partition function, 2i,, 
(3.2) 
Following from this, the probability distribution function for an instantaneous configuration 
{rjl of energy, UP' P({rj}), is then defined in the normal way, 
P( {r .}) 
J 
(3.3) 
Equation (3.3) suggests that a chain has a probability P( { rj} )d { rj} of having a configuration, 
of energy UP' between { rj} and ( rj} + d ( rjl. 
From Eq. (3.3) we can obtain, in principle, all the information required for a complete 
description of the system. 
The procedure is simplified somewhat with the introduction of individual bond 
probabilities or bond laws, fj, which are defined by a Boltzmann expression for the energy, 
uj, of the jth bond, 
f. (R.) - exp( - p u.(R.) ), 
J J J J 
(3.4) 
where Rj = rj - rj_1, is the bond vector joining the (j-1 )th segment to the jth segment. Thus, 
f(R} dRj is the probability that the jth displacement in a random flight (Chandrasekhar, 
1943) or the jth bond vector of the chain (Yamakawa, 1971) lies between Rj and Rj + dRj. 
The fj are normalized by an appropriate choice for the zero of the energy 
J f .(R .) dR . - 1 . J J J (3.5) 
r 
II 
II 
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For an adequate description of the chain it suffices to consider, instead of Eq. (3.3), 
the end-to-end probability distribution, P(R ; N), 
P(R; N) 1 J N - - IT f.(R .) exp( -PW({R.})) 8( LR. - R) d{R .} , 
z · -1 J J J J. J J p J -
(3.6) 
with ~ given as before. Being a probability, P(R ; N) is of course normalized. 8(r) is the 
Dirac delta function and, in the above expression, indicates that the integral is to be 
performed with the constraint that the end vector, rN = Lj Rj, is to be positioned at R. 
The Generic Distribution Function (GDF), (i (R ; N) = P (R ; N) ~' of the end 
monomer represents the unnormalized probability of finding the end of the chain between R 
and R + dR. For the case when W = 0: (i (W = 0) = (ifree = P (W = 0); this follows from ~ 
= 1 which corresponds to the normalization property of the fs, as given in Eq. (3.5). It is 
easily shown that an alternate definition of t:i is via a Markovian-type coupling, 
a (0: R; N) - J dR' a (0: R'; J) exp( PW(R ')) a (R' : R; N-J), (3.7) 
from which a diffusion-type equation for (i may be derived. The passage to the differential 
form of Eq. (3.7), valid in the limit N » 1, results in (Appendix 3A), 
exp(PW(r)): + (exp(PW(r)) - 1) (;l. = ~
2 
v; (;l., (3.8) 
as a slightly different version of the diffusion-type equation first derived by Edwards (1965). 
Equations (3.6) and (3.7) complete the formal statistical mechanical introduction since 
it is from these probability distributions that all features of the chain may be obtained. One of 
these features, that is crucial to all subsequent analyses in this thesis, is the density 
distribution of segments, npCr), defined as, 
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(3.9) 
where the average is taken over the probability distribution, Eq. (3.6). Alternately, ~(r) may 
be written as, 
r,,(r) 
N 
= -
1 L, J dr' ll (0 : r ; I) exp(~ W ( r)) ll ( r : r' ; N - I) . 
2i, I= 1 
For the simpler case when W = 0: 2i, = 1 and (I.free= P, so that 
N 
n;ee(r) - L, P(O : r; I) . 
I= I 
(3.10) 
(3 .11) 
Equation (3.11) follows from Eq. (3.10) since (I.free is appropriately normalized: the 
remaining integral over the free end being unity, for all index I. 
To evaluate the RHS of Eq. (3.6), and subsequent averages, the fj must be provided. 
In practice this is where the difficulty begins. Neither W nor fj is explicitly known (except 
perhaps in the simplest of circumstances, when W = 0). Even if these were specified, no 
guarantee for the explicit evaluation of Eq. (3.6) may be given. However, at this point, some 
simplifying arguments may be introduced to enable us to proceed further. 
Firstly, in view of the assumption that the chain is composed of identical units we 
should expect that, at least for homogeneous and isotropic situations, the bond laws will also 
be identical. That is, fj = f. Furthermore, some knowledge of the asymptotic functional form 
of f(R) may be obtained by considering the simpler circumstance when the interaction 
potential, W, is absent. In this case~= 1, and the end-to-end probability reduces to 
N 
P(R; N; W=()) = JD f (R) 0 ( f Rj - R) d{R) . (3.12) 
; 
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In addition, using the Fourier Transform representation of the 8-function, one can 
show (Yamakawa, 1971) that, 
P(R ; N ; W =0) - l f dk exp (- i k•R) K(k;N) , 
(21t/ 
(3.13) 
where K is the characteristic function of P (Chandrasekhar, 1943; Yamakawa, 1971). 
Finally, if we restrict our interest to only the limiting case of large N » 1, we should 
expect that for 0( IR I) « N, the dominant contribution from the integral in Eq. (3.13) comes 
from around k = 0. Therefore, 
K(k ; N) = J dR exp( i k • R ) P(R ; N ; W =0) , 
N 
= [f dR exp ( i k•R) f (R) ] 
= !\ exp ( Nin J dRf(R) (1 +i k•R - ~ (k•R/ + ... )} (3.14) 
After expanding the logarithm in (3.14) about k = 0 we get, 
Here A is the constant, mean bond length of the chain and is defined by the formula, 
~8 11,2 = JdR f (R) RaR~, a,~ = X,Y,Z of R 
3 a~ 
With (3.15) in (3.13) we finally obtain, 
(3.15) 
(3.16) 
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P (R · N · W=O) 
g ' ' 
- ( 3 ) 3/2 exp ( - 3 R 2 ) . 
2nA2N 2NA2 
(3.17) 
This result represents a Gaussian (hence the subscript "g") probability distribution, valid in 
the limit of N » 1 and IR I« Nl/2A. 
For large enough N all forms of bond law, f(R), asymptote to this same result. 
However, there is one form which gives (3.17) explicitly and this is, not surprisingly, the 
Gaussian bond probability, 
f(R) 3 
312 3R2 
= ( ) exp ( - -) . 
2rcA.2 '2).,2 
(3.18) 
As this form gives the correct limiting features and is mathematically (and 
numerically) expedient to handle, we will henceforth, after some justification, assume this 
form for the bond probability in all subsequent analysis. 
Without specifying the functional form for the fs, Eq. (3.17) may again be obtained, 
this time by solving the differential equation Eq. (3.8) for the case W = 0. In this 
circumstance, Eq. (3.8) is simply the standard diffusion equation. The two derivations of 
(3.17) are equivalent and valid under similar conditions. 
An approximate solution to Eq. (3.8) for a nonzero W may even now be obtained (the 
method solution is continued in Appendix 3A). Using a WKBJ technique, the approximate 
solution, to zero-th order in this method, is given as, 
(0) 
a (r; n) - ( 3 ) 3(2 exp( - cro(r) n) a(r) exp( - 3a2(r) ) , 
2nA2n r 2nA2 
(3 .19) 
where, 
r 
II 
II 
II 
II 
II 
,, 
r 
o.(r) - J dx exp( PW(x)/2) 
0 
and 
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cr0(r) - - (exp(- ~W(r) ) - 1) . (3 .20) 
Both the functions W and a appear as dependent only on the radial distance, r, and not the 
vector radius, r, since the field and the distribution are referred to from the center of 
symmetry: the position of the zero-th monomer. The first order solution is naturally more 
complicated and its form is not discussed directly here (although it is given in Appendix 3A 
for completeness). Neither (i(O), of Eq. (3.19), nor its big brother (iCl), is of any use in 
themselves, at least for our purposes, since for a self-consistent closure we invariably need 
the derived segment density, np(r). Although the distribution of the Ith segment, as given by 
Eq. (3.19), may be determined assuming a spherically symmetric potential, W(r), centered 
on the pinned zero-th monomer, the remaining GDF of Eq. (3.10), for the distribution of the 
Nth segment of an N-I chain starting (with the (I+ l)th monomer) at rand ending (with the 
Nth monomer) at r' in this same field cannot be. The ensuing evaluation of firstly a and then 
the vector integral of Eq. (3.10) is too complex to sensibly consider. Thus, for a 
self-consistent system it is apparent that emphasis should be placed on the direct evaluation of 
np(r) (even if approximate) rather than through a. This emphasis features in later chapters. 
It is clear that for the potential-free case, in the limit of large N, Eq. (3.11) with Eq. 
(3.17) imply that the density, n/ree(r), is a sum of Gaussians, 
(3.21) 
This form of the density is shown, for N = 100, as a solid line in Figure 3.1. The 
accompanying broken line is an approximate result obtained, also in the limit of large N, by 
replacing the summation in Eq. (3.21) with an integral which can subsequently be evaluated 
to give (see Appendix 3B) the computationally concise form, 
'I 
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n;eecr) _ ( 3 2)
312 
N'11t [ erf ('1Nx) - erf (x) ] , x = ~ . 
21tNA x "1 ~ (3.22) 
Where erf (x) is the error function. The excellent overall comparison in Figure 3.1 is 
somewhat misleading. Equation (3.22) should strictly only be valid for r of the order of ~NA 
and is not expected to be accurate near r = 0, in fact is shown here to underestimate the 
density near the origin. 
In this review we have restricted ourselves to the relevant features of chain statistics 
and have regrettably overlooked many subtle points that are implicit in some of the above 
derivations. The reader is referred to Yamakawa's book (1971) for more details. 
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Figure 3.1. A comparison of the monomer density with the 
two formulae: the discrete summation of Eq. (3.21), shown as 
the solid line, and the continuum version, Eq. (3.22), shown 
as the dot-dashed line. 
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3.2. A Polymer as a Space Curve 
Before passing on to the continuum limit of chain statistics the above derived 
end-to-end probability need first be reinterpreted to include, to some degree, the effect of an 
interaction potential, W. This is done through the concept of an equivalent chain. 
Rewrite Eq. (3.17) using <R2> = NA2, 
P(R) (3.23) 
Even though Eq. (3.17) and therefore (3.18) is strictly only valid for a random N-flight (W = 
0) its usefulness is not lost for the case when W '¢ 0, if <R2> for the real chain is used yet 
attributed to some other equivalent random flight chain having, both identical <R2> and 
fully extended chain length, L. With this idea it is possible to deduce properties of the real 
chain from its equivalent using, say, the following two formulae, 
A.' - and N~s = L. (3.24) 
For this equivalent chain to have the Gaussian end-to-end probability, Eq. (3.22) above, the 
individual bond probabilities must be of the form, 
f (R) 
3 3/2 3R2 
- ( - ) exp ( - - ) . (3.25) 
21t~sA.' '.MsA.' 
This bond law, with the formulae (3.24) returns the Gaussian distribution, Eq. (3.23). 
Normally a two parameter set is needed to determine the equivalent chain. Here we 
have used arms bond length, ~s, and a "solvent" value, "A' (dependent on temperature) as 
specified by Eq. (3.24), to simplify the space curve treatment (Freed, 1972). It is also 
i 
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possible to use a A' and a N' such that 
A' - and NA' = L , (3.24') 
as per Flory (1969) and Yamakawa (1971). 
Having subsumed all the short-range features of the interaction potential, W, into ~s 
and A' (hereafter we shall drop the prime for convenience with the understanding that we are 
now working with an equivalent chain), such as bond angle restrictions, all that remains is to 
include the long-range properties of W. To proceed any further, an assumption is here made 
that has proved invaluable in theories of polymers and is of particular relevance here. In the 
absence of any external field, the long-range contribution to W (from excluded volume 
effects, solvent effects or, as occurs in the systems of our interest, electrostatic effects, etc .) 
may be approximated by a mean-field potential such that monomers only interact with each 
other and their environment via this field.Wis induced by the presence of the chain itself, 
that is, W is a self-consistent field. This concept, originally proposed by Edwards (1965), 
has been useful in dealing with long-range influences such as the excluded volume effect. 
Adopting this approximation the statistical properties of an isolated chain continue to 
be independent of the coordinate system. 
To continue the space curve treatment then, we define a self-consistent potential field 
per unit length, 'Jlt{r), acting on a chain monomer at location r. The generic distribution 
function, Ci( { rk}) = P( { rk} );,, for the Gaussian chain may then be written as, 
3 N 
u{{rk}) d{rk} = N d{rk} exp [-( ) L (rj - rj_1/ 21\.~s j = 1 
N 
- ~~s L 'W(r) ] , (3.26) 
j = 1 
II 
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where N = (3 / (27tA~s))3/2. 
The position of the monomers can be taken as discrete points along a continuous 
curve such tha4 rj = r(j~s) = r (s}, where s is the contour length of the curve and will later 
become that for the continuous chain (see Figure 3.2). 
In taking the simultaneous limits of N ~ oo and ~s ~ 0 with N ~s ~ L, the segment 
lengths of the chain approach the continuous curve (in Fig. 3.2), and the sums in Eq. (3.26) 
may be approximated by integrals (Freed, 1972), 
and 
N 2 L ~ ( r(s.) - r(s . 1) ) J dr 2 fun .L..J J J + ~ s = ds ( - ) 
j = 1 ~s o ds 
N 
fun L ~s 'W (r) 
j = 1 
L 
- J els 'W [r(s)] 
0 
(3.27a) 
(3.27b) 
The prefix "lim" denotes the coupled limiting process of ~s and N as defined above. 
Equation (3.26) now becomes, 
L 
J ds 3 2 a [r(s)] D [r(s)] - 1) [r(s)] exp( - -{ 2 (r'(s)) + pv [r(s)] } ) 
o A 
(3.28) 
where V = A'Wis the potential acting across a segment of length, A; n [r(s)] = N D[r (s)], 
d{rj} ~ D[r(s)] and r'(s) = dr/ds. Naturally, the configurational partition function,;, 
becomes, 
L 
ZP = JD [r(s)) exp( - J ~ { ~ (r '(s)/ + ~V [r(s)] } ) . (3.29) 
o A 
r 
4 
Figure. 3.2. A schematic of a discrete chain superimposed upon 
a continuum "string". The arc length, s, starts from the origin at 
the zero-th monomer position.The segment lengths between the 
successive monomers are meant to be equal. 
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Finally, the density is given as 
~(r) = ~ f D [r(s)] a [r(s)] f ds O(r(s) - r) . (3.30) 
Equations (3.28) to (3.30) are functional integral representations of the corresponding 
discrete distributions Eqs. (3.3), (3.2) and (3.9), respectively. Ci[r(s)] D[r(s)] is the 
(unnormalized) probability of finding the chain between the space curves (or paths) r(s) and 
r(s) + D[r(s)]. This is a direct continuum analogy to the definition of the probability 
distribution, Eq. (3.6). This path integral formulation is simply a continuum limit of the 
original, discrete distribution. 
The argument of the exponential appearing in Eq. (3.29) may be rewritten in the 
following classical mechanical nomenclature, 
L L 
J ds f ds 3 2 A = -L (r(s),r' (s);s) = - { 2kT (r'(s)) + V [r(s)] } o A o A 
N 
f m 2 = dn { 2 (r'(n)) - U[r(n)] } , (3 .31) 
0 
where s = nA., with n a continuous variable, and m = 3kT/A.2 . L is likened to the classical 
Lagrangian for a particle of mass, m, having position, r(n), and velocity, r '(n), at time, n, 
moving in an inverted potential, U(r) = -V(r) . While A is the corresponding action integral 
(or simply, action) of L. 
I 
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3.3. Parabolic Density Model of Grafted Chains. 
Milner, Witten and Cates (1988) made efficient use of both the path integral 
formulation of chain statistics (equations (3.28) and (3.29)) and the classical mechanical 
analogy (3.31) of a particle trajectory in a potential field. They applied a combination of these 
two descriptions to a grafted brush of polymers on a flat surface. The brush they consider is 
assumed to have a density of grafting points, a, in the semi-dilute regime (de Gennes, 1979) 
such that each chain interacts with itself and its neighbors only through a slowly varying 
background potential, V, that is assumed proportional to the locally-averaged density. 
This background potential is our self-consistent field potential, V(r), which, 
assuming only binary repulsions between chain segments, has the form, 
V(r) - w <l>(r) , (3.32) 
where w is an excluded volume parameter (de Gennes, 1979) and <)>(r) is the local, averaged 
monomer density. 
The brush is constructed with a typical grafted chain specified by the trajectory, r(n), 
such that, 
r(N) = 0 ; r(O) = p ; r(n) ~ 0 for n e [O, N] . (3.33) 
The surface is defined as lying in the plane, z = 0, and the available half-space for the chains 
is z > 0. The requirements of Eq. (3.33) suggest that the free end, the zero-th monomer, is at 
a distance p from the grafting surface, while the other end is fixed on the surface at z = 0. 
With translational invariance all the relevant functions are only dependent on the distance 
from the surface, z. 
The panition function of a single chain, 2r, of Eq. (3.29), is to be evaluated with the 
constraints (3.33) in mind, and is thus generally a function of p: :; = ~(p). 
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For strongly stretched chains 2i,(P ), as well as any average over~, is dominated by 
that "path", r(n), of the chain which minimizes the action, A, of Eq. (3.31). Any random 
fluctuations about this path will be negligible in this limit (of semi-dilute coverage). 
Even without invoking the classical mechanical analogy of a particle trajectory, 
minimizing the action of our L, by a straightforward application of the variational calculus 
(Arfken, 1975), results in the Euler equation, 
d aL 
- -dn ar(n) - 0, (3.34) 
from which we may deduce, 
d2r dU 
m - + - 0 , r(O) = p, r(N) = 0 , 
cir/ dr 
(3.35) 
as the equation for the dominant path the chain follows in this potential field. 
The analogy with the classical mechanics of a particle moving in an external field 
implies that (3.35) is the equation of motion for this particle. It is shown in Appendix 3C 
that the local monomer density at r, q>(p, r), as determined from a chain whose "free" end 
(r(O)) is fixed at p is given by 
~(p 'r) = 1 ~ (3.36) 
and if E(p) is the probability of finding a free end at a height p from the surface then the 
averaged monomer density, q>(r), is 
<l(r) = a J dp e(p)<j)(p, r) . (3.37) 
11 
11 
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Actually, q> is only a function of z. Thus, a self-consistent density, q>(p , r), is obtained by 
using the solution of Eq. (3.35) for the potential U(r) (as given by Eq. (3.32) and (3.37)) 
placed in (3.36). At this point, though, the analogy is all very nice but of little practical use as 
one has yet to solve Eq. (3.32). 
Two further physical features of the chains in the brush, which have important 
repercussions, are most easily seen in the classical mechanical context. Firstly, in the absence 
of an external field applied to the free end of a chain, the chain tension, r'(p,O), must vanish 
there, the chain end being free after all. The classical mechanical interpretation is that a 
particle starting from p at time 0, does so with zero initial velocity. The second important 
feature is that, for a brush composed of identical chains, the length of all the chains is 
constant. The analogy being that, regardless of its starting position, p (the free end), the 
particle falls through the potential field, U(z), to finally come to rest at the surface in precisely 
the same time, N. 
Provided that there is a nonzero distribution of end points, p, throughout this brush, 
these two features are sufficient to detennine, up to a constant, the form of the potential, U. It 
is, in fact, an equal-time potential having the same quadratic form as that of a harmonic 
oscillator. Thus, 
U(z) - -A +Bz2 . (3.38) 
From this result and using Eq. (3.32) the self-consistent monomer density profile is also 
determined as having a parabolic form, 
q(z) - _!__ ( A(h) - Bz~ 8(h- z) , (3.39) 
w 
where his the equilibrium height of the brush, in principle detennined by the requirement that 
the free energy of the system is a minimum. 8(t) is the Heaviside step function. 
With U having the same form as a harmonic oscillator potential, the constant B is 
Ii 
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automatically determined from the "period" of the oscillation, 4N. Namely, if k is the "spring 
constant" for the chain and ro the "angular frequency", then, 
This gives, 
2 2 
k = 2B = mro = m _11_ 
2 
B - m...lL_ 
8N2 
4N2 
where 
(3.40) 
(3.41) 
The remaining constant, A(h), is detennined by the mass conservation condition, 
h 
J <l>(z) dz - Na . 
0 
(3.42) 
This review of the mean-field model of Milner, et al. has, through necessity, been far 
from complete. Yet it should provide the reader with the essential line of reasoning exhibited 
in these authors' work. Any additional features of this model that are needed in its extension 
to grafted polyelectrolyte brushes, presented in Chapter 5, will be explained at the appropriate 
place in that chapter. For a detailed account of this model, explaining all the necessary 
arguments involved in its formulation, the reader is, of course, referred to the original 
manuscript. 
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APPENDIX3A 
The Differential Equation and Approximate Solutions 
From Eq. (3.7) it should be obvious that a special case is the recurrance relation 
a(O: r; N+ 1) - f dr' G-(0: r' ; N) exp( -~W(r)) f( Ir - r' I) (3A.1) 
with the interpretation that another monomer, the (N+ l)th monomer, with the required 
weighting, exp(-PW(r)), is added to the end of the chain. For the case when N » 1, the 
addition of an extra member to the chain results in only a minor perturbation to the chain 
statistics. Thus, if we let r = r' +Tl' for I Tl I small then the GDF, aco : r' ; N) may be 
expanded in a Taylor series about r, in powers of Tl, 
6(0 : r - 11 ; N) - Cl(O : r ; N) - 11 * V r Cl(O : r ; N) 
(3A.2) 
where TlTl is a dyadic product. Substitution of (3A.2) into (3A. l) yields 
Cl(O : r; N+ 1) exp( PW(r)) (3A.3) 
Here we have used the fact that the first moment off vanishes identically and that the second 
moment and the dyadic product reduce to 
I,J = x,y,z and (3A.4) 
respectively. With a similar expansion of Ci(O: r; N+l) w.r.t. N, to leading order, 
I, 
I, 
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u{O : r ; N + 1) - u(O : r ; N) + at u(O : r ; N) + ... (3A.5) 
we obtain the differential form of Eq. (3A. l), 
exp( ~W(r)) at u{O: r; N) + (exp( ~W(r)) - 1) u(O: r ; N) 
"J...2 2 •• 
- 6 v\ Ci(O . r , N) . (3A.6) 
This form is at variance to the differential equations of Edwards ( 1965) and Freed (1 972) 
who have formulated their equations assuming an interaction potential per unit length of chain 
and have expanded their Boltzmann weight for this energy for infinitesimal length 
increments. 
For W = 0 Eq. (3A.6) reduces to the standard diffusion equation describing a perfect 
random flight or Brownian Walk in absence of a field (Chandrasekhar, 1943) which is 
known to have a Gaussian solution as given by Eq. (3.17). 
Approximate solutions to Eq. (3A.6) for nonzero potentials can be obtained in the 
following manner. With the zero-th monomer pinned, the field W and the distribution a of 
the free end become functions only of the radial distance from the center. 
We take the Laplace transform w.r.t. the variable N of Eq. (3A.6) to give, 
~ ! (r2 ! y(r,s)) - : 2 ( (exp( ~W(r)) - I)+ s exp( ~W(r))) y(r,s) 
_ -4 o(r), 
"J... 
(3A. 7) 
where y(r,s) is the Laplace transform of Ci (r , N), and s is the transform variable. The 
transform itself is defined in the usual way 
I! 
I! 
Ii 
00 
y(r,s) = f dN U(r, N) e-sN , 
0 
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(3A.8) 
In Eq. (3A.7) we have used the requirement that G.(r, 0) = exp( -PW(r)) o(r). Now, if we 
imagine that (j is of the form 
~r,s) _ A g(r,s) 
r 
then we can obtain the following ordinary differential equation for g, 
2 d g(r) 
dr2 4-( exp(~W(r)) s - (1 - exp(~W(r)))) g(r) - 0 . 
"A 
(3A. 9) 
(3A.10) 
Here we have taken, quite arbitrarily, g(O) = 1; we are at liberty to do so as the normalization 
requirement on the a is still to be satisfied resulting in the cancellation of any free constants. 
The constant A is determined from the requirement 
l_ A_ (r2 J!. (A)) = - 4n:A 8(r) 
r2dr dr r - -4-&(r). 
"A 
(3A.11) 
That is, A = 3 / (2n:A)). The possibility of obtaining an exact solution of (3A.10) is difficult 
to conceive for arbitrary potentials. However, an approximate solution based on the WKBJ 
formalism is possible. Consider a solution of the form g(r) = exp(q>(r)) and substitute this in 
to Eq. (3A.10) for the corresponding equation for <t> 
where 
<)>" ( r) + [ <)> ' ( r) J2 -~ Q( r, s) - 0 , 
"A 
(3A.12) 
I, 
1, 
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Qr,s) - 6 [ s exp( PW(r) ) - (1 - exp( PW(r) )) ] . (3A.13) 
As equation (3A.12) suggests that cp(r) is large when A is small, we may then consider a 
solution for cp, in the limit of A« 1, to have the following asymptotic parameter expansion 
00 
<!(r) - i L An Pn(r,s) , 
n=O 
(3A.14) 
Substitution of (3A.14) into (3A.12) and collecting terms in like powers of 1/A. results in the 
first two equations, 
[p0 '(r,s)]
2 
= (Xr,s) (3A.15a) 
2 p0' (r,s) p1 '(r,s) + p0 "(r,s) - 0 (3A.15b) 
which result in the standard WKBJ solutions, 
r 
g(0\r,s) 
- exp { - i f ,/Q(x,s) dx } (3A.16a) 
0 
g(l)(r,s) = i 0\r,s) (3A.16b) 1/4 [Qr,s)] 
In Eq. (3A.16a) the minus sign has been taken to comply with convergence at infinity. gCO) is 
the simplest order solution we can get while in accordance with the WKBJ method, g(l)(r) is 
a bonu solution obtained with no extra effort directly from the method. The nature of the 
latter solution, however, does complicate the consequent Laplace inversion for u.(r , N). It 
proves u eful then to concentrate firstly on the zero-th order result, gCO). 
'i 
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In the Laplace inversion, the dominant contribution comes from the singularity (in the 
complex s-plane) closest to the Bromwich contour (see Figure 3.3). This singularity is 
associated with the case Q(r,s) = 0. However, circumstances are somewhat confused in Eq. 
(3A.16a) as the singularity occurs in an integrand. That is, we have a continuously varying 
singularity. We can simplify the problem, though, by extracting the dominant contribution 
over the integration range. This occurs at the upper limit of the integral, i.e., when 
s = - s0(r) = (exp(-~W(r) )-1), s0 E (Q, 1) . 
Thus, g(O)(r,s) can thus be appoximated by 
r 
l)(r,s) z exp { - (f (s + soCr))112 f exp( ~W(x)/2) dx } . 
0 
(3A.17) 
(3A.18) 
The complex s-plane is cut by a branch running along the negative real axis, ending at s = 
-s0(r) while the inversion contour is closed in the 9\(s) < 0 half-space (as shown in Fig. 3.3). 
The actual inversion integral is defined as 
C + ioo 
G(r, N) - 2~ f ds e'N (/...r, s) (3A.19) 
C - ioo 
with c chosen to the right of all singularities; with g(O) of Eq. (3A.18), this results in 
(0) 
l'.i (r; N) ( 3 )
3/2 a(r) ( 3a2cr) ) 
= 2 exp( - so(r) N) - exp - 2 , 21tA. N r 2NA 
(3A.20) 
where 
Im (s) 
1 so (r) 
C 
Re (s) 
G 
Figure 3.3. The Bromwich contour associated with the Laplace 
Transform inversion. The constant, c, is taken to be right of all 
singularities. The contour, G, is closed in the left-hand half plane. 
fl 
1, 
I, 
r 
CL(r) - f dx exp( PW(x)/2) 
0 
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s0(r) - - (exp(- ~W(r) ) - 1) . (3A. 21) 
In the next level of approximation, that is, using gCl)(r,s), again the dominant 
singularity is s = - s0(r), resulting in the same branch cut. The inversion contour is closed as 
before. The complex contour integration results in, after extensive use of Abramowitz and 
Stegun (1968), the fairly obscure forms, 
or 
or 
Cl) 3/2 J¥ A 3/4 3a2(r) (i (r; N) = ( 3 ) --E. N l exp{- (saCr)N + ~W(r)/4 + ) } * 
2rc"A 2N 3 6114 r 2N"A 2 
[ 
~6a(r) f(.i)M(l J_ 3a2(r)) r(1) M(-1 l 3a2(r))] 
1 /2 4 4 ' 2 ' 2 + 4 4 ' 2 ' 2 AN 2N"A 2N"A 
(1) 
(i (r; N) ( 
3 J exp { - (soCr)N + PW(r)/4 + 3a2c7 } 
_ 2 2N"A 
2rc"A (3/A 2) 1 /4 r N3/4 
U(-l ~3a(r) ) 
' "A~N 
[
K ( ~3a(r)) + K ( ~3a(r))] 
1/4 "A~N 3/4 A ~N · 
(3A.22) 
(3A. 23) 
(3A.24) 
In the above a(r) and s0 (r) have the same definition as for the case (i.(O); M(a,b,c) is a 
-· 
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Kummer Function ; U(e,f) is a Weber Parabolic Cylinder Function and Kv is a Modified 
Bessel Function of order v (see Abramowitz and Stegun (1968) for a list of their properties). 
It is interesting and important to note that, in the limit of zero interaction potential, the 
zero-th order WKBJ solution, of Eq. (3A.20), though itself approximate, reduces to the free 
polymer result, Eq. (3.17), while none of Eqs. (3A.22-24) exhibit this same limit. This is 
not surprising as, in the explicit case of W = 0, the zero-th order solution is exact, while the 
first order WKBJ solution, though still a solution of Eq. (3A.10), is actually not a solution to 
the original problem as now the Laplace inversion is evaluated with the denominator of 
g(1)(r,s) unnecessarily dependent on the transform variable, resulting in a misleading 
functional form. Generally speaking, to proceed directly to the first order WKBJ solution 
rather than be satisfied with the zero-th order result is more a matter of tradition than a 
necessity. The former solution is simply available from the formalism although at times, as 
here, is not always required nor appropriate. As neither solution for Ci can be of any practical 
use for our purposes there is no point in pursuing this aspect at the present time. 
APPENDIX 3B 
The Continuum Limit of the Free Monomer Density 
We begin here with the free monomer density result, Eq. (3.21), 
LN 3 3/2 3r2 nr(r) = ( ) exp( - - ) . 
I = 1 21tA.2I 2IA 
2 
(3B.1) 
Writing Rg = -VNA and considering the limit of N » 1 and A « 1, such that Rg remains finite 
we obtain 
n~\r) ::::: ( ;R 2J3/2 N JN exp( - x2/(I/N) ) d(l/N) 
g 1 (I/N)J/2 
(3B.2) 
5B 
where x2 = 3r2/2Rg 2. A trivial change of integration variable results in the following integral 
form of (3.21) 
[ 
3 )3/2 -JN 
{ee(r) ~ 21t~ 2~ I :xp(- y2) dy. 
X 
(3B.3) 
The remaining integral can finally be expressed as the difference of two error functions, each 
defined as (Abramowitz and Stegun, 1968), 
z 
erf (z) - t J exp (-t2) dt 
0 
This results in the final approximate expression for the free monomer density, 
x=~r2. 
2R2 g 
(3B.4) 
(3B.5) 
This result is of course an approximate expression for the Gaussian monomer density, which 
is itself an approximation to the true density whose general form is Eq. (3.11) 
APPENDIX 3C 
The Path Integral Monomer Density 
We rely on the following justifying argument. In the continuum limit the monomer 
density for a chain whose end points are fixed at O and p, q>(p, r) is defined as (suppressing 
the dependance on p ), 
'1,(r) = < Jds O(R(s) - r) > , 
which, by inverting the argument of the delta function, has the equivalent form 
or 
'1,(r) = < Jds ~ s(r)) >, 
ds 
s = s(r) 
npCr) = < fj 1 J ds 0( s - s(r) ) > . 
s = s(r) 
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(3C. l) 
(3C. 2) 
(3C.3) 
By invoking the normalization property of the delta function and adopting the optimized-path 
average results in, 
11,(r) = 1 
~ (3C.4) 
11 
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CHAPTER 4. 
A MEAN-FIELD MODEL OF POL YELECTROL YTE SOLUTIONS 
Abstract 
A self-consistent calculation using a mean-field model for an infinitely dilute 
polyelectrolyte system is given. An approximate closed expression for the density 
distribution of charged monomers allows a series of exploratory calculations that describe 
polyelectrolyte behaviour. We apply our formal results to the case of a polyelectrolyte 
having a distribution of ionizable groups along its backbone and calculate its titration 
characteristics for different internal and external conditions. These results are then 
compared with those results deduced from two less realistic models that assume a rigid 
configuration for the macromolecule. 
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4.1 Introduction 
An electrochemical analysis of a system of micelles or vesicles should naturally be 
different to a treatment of a system involving linear polyions. Although both these types of 
macromolecules possess a high degree of charge, their electrostatic and physic-chemical 
features are in truth different. 
As is well known, aggregated structures such as micelles arise from an asymmetry 
or anisotropy in the chemical make up of its constituents, amphiphiles. This asymmetry 
introduces an effective boundary dividing the inside (nonpolar region) from the outside 
(polar region) resulting in some averaged fixed conformation for the aggregate. In addition, 
from this same asymmetry, the interior region remains inaccessible, or at best unfavourable, 
to polar solvent (usually water), counterions and any additional species of free electrolyte. 
In this situation then the electrostatics of a micellar system can be (and often is) adequately 
treated by standard double-layer theories (Verwey and Overbeek, 1948) with due regard for 
possible Stem-layer, discreteness of charge or correlation effects between charge species 
(Attard, et al., 1988; Carnie, et al., 1981; Carnie and Chan, 1984; Kjellander and Martelja, 
1985; Kjellander, 1988). 
On the other hand, except for the tertiary phase of globular proteins which have a 
high stability factor prior to denaturation, polyions are normally quite flexible and possess 
the ability to adjust their conformation when the solvent conditions are changed. These 
macromolecules generally also permit both the solvent and any dissolved electrolyte to exist 
within their immediate extent which on average occupies a volume of the order of Rg3 CRg = 
N112A, A being the rms monomer-monomer length and N the degree of polymerization). 
These two characteristics of flexible polyions are quite closely related: the task of calculating 
the ionic distribution, for instance, is highly coupled to the determination of a polyion's 
average conformation. The ensuing treatment of linear polyions is then more complex than 
for micellar aggregates, even within the simplest of electrostatic theories, due to their 
flexibility and its dependence on local electrostatic conditions. 
. 
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In the past, the complexity associated with a polyion's flexibility has forced the latter 
to be largely overlooked (with notable exceptions being Kuhn, et al., 1948; Katchalsky, et 
al., 1950; Katchalsky and Lifson, 1956; Harris and Rice, 1954) when the electrostatic 
properties of such systems are calculated. The latter usually assuming zero-th order 
double-layer theories, namely through the Poisson-Boltzmann (PB) equation. For example, 
polyions have been treated, in one extreme, as a rigid rod with a uniform surface charge 
density (Alfrey, et al., 1951; Fuess, et al., 1951 ). Or in some cases it has been assumed 
that an effective spherical region of charge exists, either impermeable to electrolyte 
(Nagasawa and Holtzer, 1964; Mille and Vanderkooi, 1977) or permeable (Hermans and 
Overbeek, 1948; Marcus, 1955; Wall and Berkowitz, 1957), yet always of fixed 
configuration. While the latter may seem, at first glance, an understandable approximation 
in some circumstances (for example at low electrolyte concentration, KRg « 1) it must 
clearly breakdown at some point. One of the aims of this work is to briefly investigate this 
breakdown. 
We present a prescription for the self-consistent determination of charged monomer 
distributions. A "second-order" of mean-field approximation allows for a closed expression 
for this density distribution, n(r), in the presence of a self-consistent potential (of 
mean-force), W(r), which we assume here to be entirely of electrostatic origin. This latter 
assumption suggests that other long-range effects such as excluded volume are negligible. 
This potential field is obtained from a solution of an extended PB equation in and about an 
isolated pol yelectrol yte. 
A series of results that indicate the polyelectrolyte's preferred conformation as a 
function of external conditions such as counterion concentration (solution pH), excess salt 
concentration as well as an in tern al fraction of charge, Tl, carried by the chain is 
demonstrated. 
In Chapter 2 of this thesis we compared a lattice model calculation for the segment 
distribution of short chains, end-attatched to an impermeable surface, with that of a simple 
uniform distribution in the application to an electro-osmotic problem. Here too we have an 
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analogous ambition. 
The potentiometric titration of polyelectrolytes is a relatively efficient way of 
extracting some of a polyelectrolytes electrochemical and structural features. For instance, 
from measured apparent degrees of charge and derived apparent dissociation constants, 
conformational features can be inferred. A good example of this arises in the titration of 
proteins where a distinct structural change with pH between the natured (a-helix) and 
denatured (random-coil) states can be seen (e.g., Rice and Nagasawa, 1961; Olander and 
Holtzer, 1968). Unfortunately, such a possibility cannot be addressed with the current 
formulation as this complex feature usually involves a competition between electrostatic 
forces and hydrogen bonding amongst the monomers (Tanford, 1973) while here only 
deviations of electrostatic origin from the simplest of chains, the free Gaussian, are 
considered. We apply our random-coil model to the calculation of the potentiometric 
titration of this isolated polyelectrolyte under a variety of conditions. 
Although we are constrained to this random-coil state of a chain it is interesting to 
consider, in the final instance, a comparison between this essentially Gaussian model and 
previously used simpler models of permeable and impermeable spheres, as are often applied 
indiscriminately to the titration of charged macromolecules, both flexible and rigid. 
. 
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4.2 The Conformational Model 
(A) POL YELECTROL YTE ST A TISTICS AND TI-IE SELF-CONSISTENT FIELD 
The concept of a self-consistent mean field (Edwards, 1965) is well suited to the 
problem of a polyelectrolyte immersed in a neutralizing solvent. As can be appreciated, both 
the polyelectrolyte conformation and the ionic distribution, coupled together through the 
electrostatic potential, 'V, must concur with one another. 
An analogy may be drawn between this system and the problem of a surface 
composed of an array of ionizable groups which, in solution, contributes to a "surface 
charge" surrounded by a diffuse layer of counterion charge density (e.g. Ninham and 
Parsegian, 1971; Healy, Chan and White, 1980). Both the local ion concentration and the 
surface pH determine the extent to which these surface groups are ionized which in tum 
determines the local electrolyte conditions. Clearly this system, too, must be self-consistent. 
The flexible polyelectrolyte of our interest acts analagously to these surface groups. Any 
adjustment of the chain (caused by a change in external conditions) either as a contraction or 
an expansion, changes the local density of charge attributed to the polyelectrolyte which 
affects the local ionic conditions, like that of the ionizable surface system. 
Any short range features of the chain can be subsumed into an effective rms bond 
length, A, and degree of polymerization, N, of some equivalent chain. The long range 
contribution to the interaction potential of the polyelectrolyte, W(r), is dominated by the 
electrostatic field, 'lf(r), except at very high electrolyte concentrations when excluded 
volume effects cannot be neglected. For simplicity, though, we shall neglect any excluded 
volume effects in order to focus on electrostatic influences. 
An important ensemble property of the polyion is the source of charge that induces 
the self-consistent electrostatic potential field. This comes in the form of an average spatial 
distribution of charge-bearing monomers, n(r), here defined as the ensemble average of the 
instantaneous charge-group position operator, 
' 
N 
n(r) - < L 8 (r1 - r) > , 
I= Omod(M) 
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(4.1) 
where N is the degree of polymerization, 8 is the delta function operator, r1 is the position 
of the Ith monomer, r is the observation point and< > denotes an ensemble average. The 
summation appearing in Eq. (4.1) is taken over all charged monomers. For the case of a 
chain of N monomers, having only Ne (<N) charged groups separated by M - 1 neutral 
co-monomers along the chain, the sum has the property that only if the Ith group is 
charged, that is, only if I is a multiple of M, or I = 0 mod(M), is the term included. In the 
canonical ensemble this average takes the form 
where f(r) is the bond probability function accounting for the chain connectivity 
(Yamakawa, 1971), W(r) is the self-consistent potential energy field containing information 
on all other forms of interactions and p = l/k8 T, k8 is the Boltzmann constant, T is the 
temperature. In writing Eq. (4.2) we have assumed that the zero-th monomer is fixed at the 
origin, r0 = 0, while all other monomers are allowed to assume such positions as are 
consistent with the imposed bond restrictions, f. W(r1) is nonzero only when I = 0 mod(M) 
- of course, this being true if only electrostatic contributions are considered. Equation (4.2) 
is slightly cumbersome for practical use but may be rewritten as, 
NC NC 
n(r) = L f c1r M .. f drN,M IT tel r1M - r {1-l )MI )O(r - r IM) 
l=l 1=1 
xexp(-~f W (r iM)), (4.3) 
I =l 
where it is now clear that the sum runs explicitly over all charge groups: 0, M , 2M, ... , 
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NcM, with positions r 0, rM, r 2M,···, rNcM· The function 't is an extended bond probability 
that links successive charged monomers rather than successive monomers. It is explicitly 
given in terms of the original fs as, 
(4.4) 
plus 
(4.4') 
This last equation represents a "remainder" that accounts for the case when M does not 
divide N. That is, the end monomer is uncharged. 
If we take up the view that the underlying chain statistics are described by a 
Gaussian distribution, that is, the bond probabilities, f(r), have the form ( Chandrasekhar, 
1943; Yamakawa, 1971), 
3 312 3r2 f( r) = ( ) exp ( --) , 
21tA. 2 21\.2 
(4.5) 
then it can be shown that the charged groups have a related Gaussian distribution, 
't(R) 3 
3/2 3R2 
- ( ) exp (- ) . 
21tMA.2 2MA.2 
(4.6) 
This suggests that the polyelectrolyte acts equivalently to a chain of Ne charges separated by 
an effective bond length of Ml/2"-, as one would expect. 
chain, 
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This formulation provides us with a natural fraction of charge, Tl, carried by the 
N 
C Tl= -N+l (4.7) 
The extra unit value in the denominator comes from the zero-th monomer, the lack of it in 
the numerator indicates that the zero-th monomer is assumed uncharged. 
The integrals and subsequent summation appearing in Eq. ( 4.3) are difficult, if not 
impossible, to evaluate explicitly unless some simplifying manipulations and/or 
approximations are made. Firstly, we can re-label the position vectors: rjM = r'j (and 
subsequently drop the prime for convenience). Furthermore, the summation appearing in 
the Boltzmann factor of Eq. ( 4.3) may be rewritten exactly as, 
where 
NC L W(r) = W(r1) + J cir' W(r') p1(r') , 
j = 1 
NC 
p1 (r) - L 8 (rj - r) , 
j=l ,j~I 
(4.8) 
(4.9) 
is the "incomplete" density operator. The integral over r1 in Eq. (4.3) can now be evaluated 
directly leaving (suppressing a normalization constant for the moment), 
where 
NC 
n(r) - exp(-~W(r)) L ~ree (r) exp(-~ J dr' W(r') p1(r' )) , 
I= 1 
(4.10) 
I, 
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(4.11) 
is the free Generic Distribution Function (GDF). Apart from the normalization constant this 
is the probability of locating a monomer at position r for a chain of length I in the absence 
of an external field (Yamakawa, 1971 ). 
To proceed further the remaining integral of (4.10) is treated to an approximation. 
Instead of considering the integral as it stands we impose upon it a second level of 
mean-field approximation: that of replacing the incomplete density operator, Pr, with its 
ensemble average, 
Pr (r) => <pr (r)> . (4.12) 
From its definition it can be shown that, 
< p1 (r') > = n(r') -~ (r') f dr" ~-I (r' ,r") . (4.13) 
The first term on the rhs of Eq. (4.13), when placed in Eq. (4.10), fortunately is 
independent of both rand I and so may be subsumed into the normalization constant. The 
second term on the rhs of (4.13), however, still presents a difficulty due to the (now) 
double vector integral (in ( 4.10)). However, if in addition the approximation of replacing 
a, the GDF for a polyion in the self-consistent field, with (ifree is made, 
free 
a (r) => a (r) ' (4.14) 
we get, 
-, 
NC 
n(r) - exp(-~W(r)) I, ~ree(r) exp(~ f cir' W(r') a.;=(r')), 
I= 1 
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(4.15) 
as our closed approximation to the charged segment density. For this to be a true density the 
expression above must be normalized, this is done by integrating n(r) of Eq. ( 4.15) over all 
space and equating the result to Ne, the total number of charged monomer units, 
J n(r) dr - N. C 
At this point, it is necessary to discuss and justify our approximations ( 4.12) and 
(4.14). The principle features of our polymer chain, in particular its connectivity, are 
predominantly described by our Gaussian, (ifree. Any additional interactions, such as 
electrostatics, will or rather should be seen as a perturbation to this basic structure. If not, 
that is to say if the long range behavior savagely distorts the polymer from this (essentially) 
random coil model, Eq. (4.5) is no longer valid; the assumption of a Gaussian bond law is 
incorrect and the entire formulation is then no longer appropriate. As such, the error 
incurred in our perturbation by replacing Ci with (ifree will either not be serious or irrelevant 
compared with the catastrophic degradation of the Gaussian assumption. 
The consequences of replacing the incomplete density operator with its ensemble 
average, in Eq. (4.12), are not immediately clear. It is likely that as we are already treating 
the polyion within a mean-field theory, and thus neglecting correlation effects between the 
groups anyway, Eq. (4.12) actually appears to be consistent to this same level of 
approximation. As in the quantum mechanics, the classical limit of a system property, given 
as an ensemble average, is representative of the ground state result of a quantum mechanical 
calculation. We are likewise producing a quantity, with this approximation, which is such 
an averaged value for the system. 
Equation (4.14) is a result which is actually valid for any source for the assumed 
-, 
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self-consistent potential field, that does not contradict our approximations, and for any 
geometry. For the present, however, we are interested in the electrochemical properties of 
an isolated polyion. The problem posed then has the field, W(r), dominated by the mean 
electrostatic potential, 'l{(r). The potential field, W, is interpreted as the potential of mean 
force acting on a charge bearing monomer at radius r, 
W(r) = e a(r) 'V(r) . (4.16) 
In restraining the zero-th monomer (for simplicity assumed to be uncharged) to the 
origin, imposes a spherical symmetry on our system. The density and field then are only 
functions of the radial distance from this symmetry center, the position of the zero-th bead. 
In line with the mean-field argument it is natural, indeed correct, to consider 'V as 
being the solution of an extended (spherically symmetric) Poisson-Boltzmann equation, 
1 d 2 d 41t L o 
-(r cir '!f(r)) = --( z.en. exp(- ez.~'V(r)) + e a(r) n(r)) . 2dr 1 1 1 
r e i 
(4.17) 
The first term contributing to the total charge density (the rhs of (4.17)) arises from the 
dispersed mobile electrolyte species with the index "i" running over all types including the 
polyelectrolyte counterion. The second term is due to the spatial distribution of bound 
charged monomers. In Eq. ( 4.17) e is the dielectric constant of the medium (assumed the 
same both in the presence and absence of the polyion), e is the protonic charge and n°i is 
the bulk density of the ith electrolyte species of valence zi. 
For the case of an infinitely dilute polyelectrolyte solution the potential, 'V, and field, 
'V', vanish as the radius r becomes very large (from the condition of electroneutrality) and, 
with the zero-th monomer assumed uncharged, 'V must also satisfy the symmetry condition 
at the origin, 
'!f'(r = 0) = 0 . (4.18) 
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If the zero-th monomer where charged, then the potential, as r ~ 0, must asymptote to that 
for an isolated point charge, 
z e 
m 
'V - -
r 
(4.18 ') 
zm is the valence of the monomer. It should be noted that, depending on the boundary 
condition for the potential at r = 0, the monomer density will behave differently there. It will 
approach a finite constant for ( 4.18) and zero for ( 4.18'). To avoid any nasty singularities 
we have conveniently chosen the uncharged monomer condition, ( 4.18), without suffering 
any loss of generality. 
Equations ( 4.15) and ( 4.17) form a closed set for the self-consistent system. a is 
defined below. 
(B) DEGREE OF CHARGE AND POL YELECTROL YTE TITRATION 
Many naturally occuring polyelectrolytes, of which biology has a great proportion, 
generally exist in a state of only partial polyionization. Polysaccharides, proteins and DNA 
comprise only a partial list of important biological macromolecules. However, these also 
have other internal interactions (usually attractive, such as hydrogen bonding (see Tanford, 
1973)) which may become predominant and force these molecules into different geometrical 
shapes (e.g. the helical shape of a protein in its natured conformation), thus complicating 
matters. 
As this model cannot hope to mimic such conformational behavior it serves a better 
purpose to mimic synthetic polyelectrolytes (such as poly-DL-glutamic acid (e.g., see 
Olander and Holtzer, 1968) or poly (acrylic acid) (Mandel, 1970) though not all (see Kotlier 
and Morawetz, 1955)) which do not exhibit any drammatic structural phase change but 
which do still possess partially ionized groups (such as carboxilic acid) along their length. 
7 1 
In this case it makes sense to allow each charge group along our model chain to ionize at 
will according to a typical equilibrium reaction equation, 
(4.19) 
MH represents the uncharged state of a monomer. Upon ionization, a hydrogen ion, H+, is 
released leaving a bare, negative group, M-. M may be a carboxylic group, COO-, or 
perhaps a sialic acid residue (e.g., acetylneuraminic acid). These two (though principally in 
the case of sialic acid) will be studied here as they have the most biological interest. 
Actually, for the demonstrative purposes of this study either example is sufficient. In 
addition, the range of variation in pK of COOH from 3.75 to 4.7, depending on it's 
location in the chain (Tanford and Hauenstein, 1956) fortuitously includes the pK of our 
second example residue. 
The direction of the chemical equilibrium, Eq. ( 4.19), is generally determined by a 
law of mass action which is directly dependent on the local electrostatic potential, 
(4.20) 
where [H+] = Hrefe-e~'V(r) is the local concentration of the counterion, with Href as the bulk 
concentration of the counterion. As such the direction of equilibrium will differ depending 
on the location of a group of the chain. a(r), in contrast with our earlier analogy of a 
surface dissociation, is the ensemble-averaged fraction of charge of a monomer at the spatial 
position, r. K is the intrinsic dissociation constant of the individual, monomeric reactions. 
Equation ( 4.20) can be inverted to give, 
1 
a(r)=-------
ref 1 + H /K exp(-e~'V(r)) 
(4.21) 
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Of course, with the imposed symmetry a, too, is only dependent on the radius r. 
Substitution ofEq. (4.21) into (4.16) and (4.17) closes the system of equations. 
Obviously Eq. ( 4.21) presents an additional constraint to be satisfied by 
self-consistency (indeed, our analogy with the surface of ionizable groups is now 
complete). The ionic distribution and the polyelectrolyte's charge monomer density, along 
with the profile of the ionization fraction, a(r), must all concur with each other. 
The potentiometric titration of polyelectrolytes focusses on determining a 
relationship between the pH of the solution and the effective or apparent charge carried by 
the macromolecule. This latter is reflected as a ratio of the total net charge on a 
macromolecule to the total possible charge, translated into the current nomenclature as, 
a. 
app 
00 f 41tr2 a(r) n(r) dr 
0 
N 
C 
From this, the apparent pK of the macromolecule is given as, 
a. 
- pH - log ( app ) . 
1 - a. 
~p 
(4.22) 
(4.23) 
Equations (4.22) and (4.23) are calculated as a function of pH and are plotted as such, as 
well as a function of each other, in the subsequent figures under different conditions, 
discussed below. 
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4.3 Results and Discussion 
Although the model presented here admits to a limited application - in view of its 
inability to reproduce a sphere-to-rod transition - it does allow for a surprisingly large 
number of possible explorations into its parameter space. In this section we present a 
modest representative subset of this ensemble. 
As a beginning it proves useful to show the basic effect, on a polymer's overall 
structure, of introducing a full unit of (negative) charge to each of the chain's monomers. 
With a dependence on the electrolyte concentration, a chain generally incurs an expansion. 
At less screening of the bound charges by the electrolyte, a greater expansion results. This 
is demonstrated in Figure 4.1 where, for a chain of N = 100 monomers, we have the 
"spherical-shell" density, 4m2n(r), plotted as a function of the dimensionless radius r* = 
r/Rg. Plotting the density in this form suggests that at radius r a shell of thickness dr 
contains 41tr2n(r)dr charged monomers. 
The solid line of this figure represents the neutral, random N-flight of the chain 
(Yamakawa, 1971). The sequence of broken curves (looking left-to-right) follow the effect 
of decreasing the electrolyte concentration of the suspending solvent. It can be seen that the 
peaks of the distributions diminish and shift to larger radii while the distributions 
themselves become broader as the concentration decreases. These are characteristic of an 
expansion. Figure 4.2 shows the corresponding electrostatic potential profiles (in reduced 
units) derived from these (self-consistent) charge densities. 
One relevant question concerns the consequence of having every Mth group (along 
the chain) charged rather than every group. In Figure 4.3 the sequence of solid lines show 
the density distribution of neutral Mth monomers, for M = 1, 2 and 4, for a fixed chain 
length, N = 100. Of course, the magnitude diminishes as we consider, in turn, the 
distribution of 100, 50 and 25 groups while still in the same volume of space,,.., Rg3· The 
accompanying broken curves denote these distributions when the charges on the groups are 
turned on (in IO-3M electrolyte). However, as no new information is immediately obvious 
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from this figure, we can re-consider this information in terms of the ratio of the charged 
monomer profile (broken lines) to its neutral counterpart (solid lines) we get the curves of 
Figure 4.4. These suggest that, at a fixed concentration and fixed N, reducing the charge 
fraction of the chain (increasing M) results in a reduced expansion for the chain as a whole. 
This is no doubt due to the diminished magnitude in electrostatic potential as generated by 
these three distributions (respectively shown in Figure 4.5) as well as to the decreased 
number of responsive monomers. For low charge fractions, 11 - 1/M = 1/4, little expansion 
results while at the upper limit, 11 = 1, we see a relatively higher degree of expansion. 
A similar set result when we study the alternate combination of parameters: a fixed 
number of charged groups, Nc = 100, but a variable total length of chain, N (and therefore 
variable M). In fact, if we again consider the ratios of charged-to-neutral monomers, at the 
same concentration, we see a similarity appearing between the previous set (of Figure 4.4) 
and the set M = 1, 2 and 4 (N = 100, 200 and 400). These are shown in comparison in 
Figure 4.6. Two points should be clear. First, it is the charge:neutral fraction, 11 = NJN+ 1 
- 1/M, that clearly dominates the comparison: a similar degree of expansion results whether 
N = 100 and Nc = 25 or N = 400 and Nc = 100. Secondly, while Rg remains the same in 
the first set, in the second set it increases with M. 
As we have already discussed the charge groups on either synthetic or naturally 
occuring polyelectrolytes are not usually, nor under all conditions, in a state of complete 
ionization. That is, those normally encountered in experimental and biological systems are 
weak polyelectrolytes. 
In such circumstances an important experimental feature of a polyelectrolyte is its 
state of charge, aapp, as this is measureable. A derivable quantity is the apparent 
dissociation constant of the macromolecule, pKapp, as typically defined in Eq. ( 4.23). 
Having obtained aapp by direct measurement as a function of pH, it is useful to 
relate pKapp to either (or both) pH or aapp· With an intrinsic pK of 3.84 for an individual 
group (sialic acid) we have calculated a series of titration data for different conditions. 
In Figures 4.7 we show firstly a app as a function of pH (Figure 4.7a) then pKapp as 
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a function of pH (Figure 4.7b) and finally pKapp as a function of aapp (Figure 4.7c). The 
individual curves are determined under a variety of internal and external conditions: salt 
concentrations of 10-2M and 10-3M; N = 100 with M = 1, 2; Nc = 100 with M = 2. The 
sequence (looking right-to-left in Fig. 4.7a and left-to-right in Figs. 4.7b and 4.7c) 
demonstrate the effect of either increasing electrolyte concentration (and therefore the level 
of electrolyte screening) or reducing the fraction of charge, 11, carried by the polyelectrolyte 
(by increasing M). At lower effective polyelectrolyte charge, obtained either through a high 
level of screening or reduced charge fraction, ionization of the macromolecule, aapp, occurs 
at slightly lower pHs (Figure 4.7a) while the apparent pK of the macromolecule reduces to 
the intrinsic pK of the individual groups (Figure 4.7b). 
It is clear that the parameter, 11, controls the shape of the titration curve at a given 
concentration rather than Nor Nc individually. At 10-3M there is negligible difference 
between the two curves (N = 100 with Nc = 50 and N = 200 with Nc = 100 ) in either of 
Figures 4.7a-c. While at a still higher concentration (10-2M) discernment from among these 
two cases, in this figures, is impossible (therefore the case N = 200 with Nc = 100 is not 
shown). At very low pH all the curves (Figures 4.7b,c) tend, in the limit of zero aapp, to 
the intrinsic pK, which for this set is 3.84. The ionization of each group along the chain 
acts independently of all the others and so the titration response behaves as for monomeric 
acid residues with an apparent pK equal to the intrinsic pK. 
The reasoning behind the effect on the titration curves, at higher pH and aapp 
(Figures 4.7a & b), of reducing the effective polyelectrolyte charge follows from this same 
argument. Either at higher electrolyte concentration or with fewer bound charges (or both) 
the electrochemical coupling between the groups diminishes (Morawetz, 1961) so that, as 
the groups become fewer and physically more distant (along the chain) or as they become 
electrostatically more isolated (through increased electrostatic screening), relatively less 
work is required to progressively ionize the chain. 
In Figures 4.8a & b we show comparative curves of aapp -vs- pH and pKapp -vs-
aapp' respectively, for an intrinsic pK of 3.84 and that of pK = 4.8 (for a carboxylic acid). 
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For the carboxylic pK, ionization occurs (across a narrow pH range of +1 about the pK) at 
a higher pH than that for the case for the sialic pK. At the zero <Xapp limit, the respective 
pKapp curves approach 3.84 and 4.8, as expected. It is interesting to note that some authors 
in the past (Olander and Holtzer, 1968) conjectured, from experimental extrapolations, on 
different limiting pKapp values, for different electrolyte concentrations. From Figures 4.7 
and 4.8 we clearly see that, in these circumstances, this appears not to be the case, as has 
also been noted in other studies (Nagasawa and Holtzer, 1964; Dubin and Strauss, 1970). 
At this point, as our model fits in with physical expectation of titration phenomena, 
we shall now address, albeit briefly, the important question of its significance by comparing 
it with simpler models that have been used for the interpretation of titration data (Rice and 
Nagasawa, 1961). 
The two systems of a permeable and an impermeable sphere, of radii Rg, equivalent 
to our description of an N = Ne chain of ionizable groups are considered. The permeable 
sphere has a uniform volume distribution of ionizable groups at a density, 
n (r) -ps 
N 
C 
4 3 ' 
-1tR 3 g 
O~r<R . g (4.24) 
While the impermeable sphere has all the charge groups spread uniformly over its surface 
giving a surface density of charge, 
cr. = imps 
-ea. N imps c 
41tR2 g 
r=R . g (4.25) 
°'imps is the degree of ionization of groups on the surf ace. For the former case the lx>undary 
condition of zero derivative of 'Vat the sphere center, 
'V'(O) - 0 , (4.26) 
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again holds, from symmetry. While in the latter case this condition is replaced with, 
at the sphere boundary. 
o/ (r = R ) = g 
41tcr. imps 
£ 
(4.27) 
In Figure 4.9 we compare the dissociation fraction, a(r), within a radii of Rg, for 
the two models of our random-coil and the permeable sphere. For the two values of pH, 4 
and 5, at the one electrolyte concentration of 1Q-3M, significantly different profiles are 
found. This difference is especially apparent at the higher of the two pHs shown. The 
permeable sphere a-profile (broken lines) remains essentially uniform throughout most of 
the sphere (about 60%) increasing in magnitude at the extreme. In contrast, the a-profile for 
our random-coil model is qualitatively and quantitatively more interesting. The fraction of 
charge is, to a large extent, inversely dependent on the monomer distribution: the least 
dissociation occurs where it is least favorable, in the region of high monomeric charge and 
vice-a-versa in the region of low monomeric charge. Note that each curve has zero slope at r 
= 0, from symmetry. 
Two sets of electrostatic potential profiles for the three descriptions (at pH 5 and 
electrolyte concentrations of 1Q-2M and IQ-3M) are shown in Figure 4.10. The impermeable 
sphere suffers an abrupt change in slope at Rg, proportional to the equivalent charge on its 
surface, while for the other two the slope remains continuous. The shapes of the profiles 
are consistent with the distribution of monomers provided by the three models. As the 
monomers for our random-coil are predominantly found near the centre the potential 
naturally is sharply peaked there; the potential for the permeable sphere model is much 
broader and diminished in magnitude, while for the impermeable sphere, the potential is 
uniform inside with a value set by the surface charge condition at the boundary. The 
screening effect of increasing the electrolyte concentration is quite evident both inside and 
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outside Rg. 
Considering the response of the mobile ions, a larger number of counterions are 
thus ensconced near the center of the coil than for the permeable sphere. The well-known 
diffuse layer of counterion charge is induced against the sphere perimeter for the third case. 
Lack of space prevents a complete and systematic comparison of both the 
dissociation fraction and potential profiles for all the conditions studied here yet it should be 
pointed out that, although the qualitative shapes of these profiles persist in all electrolyte 
conditions, the relative differences need not, as our two sets of example potential profiles at 
these concentrations show. 
To complete this brief comparison we compare the titration curves (pKapp -vs- Clapp) 
for these three models again at two electrolyte concentrations: 10-2M and 1Q-3M. The solid 
lines, in Figure 4.11, correspond to our random coil model while the broken sets (dashed 
and dot-dashed lines) represent results for the permeable sphere and the impermeable 
sphere, respectively. 
All three models here produce the same limiting pKapp at zero Clapp· The fact that the 
permeable sphere curve lies consistently beneath the random-coil result is as expected. The 
monomers are more sparsely distributed in the permeable sphere case resulting in a lower 
"effective polyelectrolyte charge" than for the random-coil. This, according to conclusions 
drawn from the discussion of Figure 4.7, will produce a less steep curve than from the coil 
model, at both these concentrations (for this particular set of parameters, Rg = 172A while 
the Debye lengths, K- 1, are 31A and 97A, respectively, for 1Q-2M and IQ-3M). As for the 
relation between the results of the two rigid sphere models, we draw attention to the 
comparison between their potential profiles at these same two concentrations, Figure 4.10: 
at 10-3M the profiles are not too dissimilar, especially about Rg, while at 1Q-2M there is a 
greater difference; a similar correspondence features in the comparison between the two 
titration curves for these two models. It is more difficult to atttribute a consistent rationale to 
the comparison between the coil and the impermeable sphere models, at these two 
concentrations. Some competing mechanisms are undoubtably at work. 
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It is not surprising that differences between the three descriptions now appear. As 
KRg decreases the differences are expected to diminish since, electrostatically, the relative 
dsitribution of polyelectrolyte charge becomes unimportant 
BO 
4.4 Conclusions 
Here we have introduced a self-consistent mean-field description of an infinitely 
dilute solution of polyelectrolytes valid in the regime where KRg,.., 1 and expected to behave 
well as long as tl « 1. This regime of validity complements the regime KRg » 1, studied 
by previous authors who have exploited the Debye-Hl'lckel approximation, valid in this 
limit, for the potential about a bound charge (see Morawetz, 1961 for references). We have 
examined a range of possibilities within this random-coil model (though by no means 
complete) and have briefly demonstrated the discrepancies incurred with using the simplistic 
models of fixed conformational structure. 
An interesting and unanticipated result is that, apart from external influences and the 
as yet unexplored effect of segment length, only the fraction of charged monomers, carried 
by a polyelectrolyte, is important in determining its titration behavior. There is negligible 
difference between charged chains having the same value of ll but different N and Ne under 
the same external conditions. 
Comparing our random-coil model with the two rigid sphere systems we find 
significant qualitative and quantitative difference in dissociation fraction and electrostatic 
potential profiles. Likewise the actual titration curves for the three are measurably 
distinguishable, giving some credence to the implementation of the current model. 
As the underlying chain statistics remain Gaussian, the electrostatic field serves only 
to expand the polyelectrolyte (spherically) until the minimum in free energy is attained for 
that particular set of conditions. In determining the free energy there is a balance between 
the configurational entropy of the chain, the entropy of mixing of the mobile electrolyte 
species and the electrostatic internal energy, among other contributions. In spherical 
geometry little expansion of the polyion is required for a free energy minimum to be 
retained. To some extent this would account for the small deviation from the neutral profile 
(with radius) shown in Figure 4.1. As a more realistic approach one requires the possibility 
of a transition from a purely random-coil structure, at high electrolyte-low pH, to an 
-
8 1 
elongated/rodlike structure at low electrolyte-high pH. This is left for future work. 
Finally, we mention that a serious test of the current model will come with its 
extension to the more realistic case of a dilute (as opposed to infinitely dilute) 
polyelectrolyte solution so as to enable a quantitative comparison with experimental results. 
The extension can be readily achieved through the use of a cell-model approach (Marcus, 
1955); essentially replacing the electroneutrality condition of zero potential and field at 
infinity with the requirement of a zero field at the cell boundary (again from 
electroneutrality) which is determined by the polyelectrolyte concentration. This too is for 
the future. 
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CHAPTERS. 
INTERACTION OF SURFACES CARRYING GRAFTED 
POLYELECTROLYTES 
Abstract 
We extend the analytical self-consistent mean-field theory of grafted polymer 
brushes introduced recently by Milner, Witten and Cates to cover the cases of 
polyelectrolyte chains attached to a charged surface in contact with an electrolyte solution. 
For semi-dilute chains within the linear Poisson-Boltzmann regime, solutions of the 
statistical mechanics problem are still analytical, and we can easily explore the behaviour of 
the system as a function of the charge on the polymer, charge on the surface and electrolyte 
concentration. The grafted polyelectrolyte chain conformations are sensitive to all of the 
above parameters, and we present a method for the relevant calculations. It is also simple to 
evaluate the interaction between surfaces carrying grafted polyelectrolytes, and the resulting 
behaviour is illustrated with examples . 
83 
5.1 Introduction 
Problems involving the interaction of surfaces bearing grafted polyelectrolyte chains 
are sometimes encountered in studies of polymeric stabilization of colloidal dispersions. 
While this topic is considered important, it has received relatively little experimental or 
theoretical attention (Napper, 1986). At a low ionic strength and a high degree of ionization, 
the electrostatic stabilization mechanism coming from the additional repulsion induced by 
polyelectrolytes at the surfaces becomes dominant. In comparison with the stabilization by 
neutral polymers, under such conditions the stability of a colloidal dispersion is increased. 
The exterior surfaces of biological cells carry a layer or coating of extended, flexible 
macromolecules of complex structure, most of which bear a net polyionic charge. This 
extended coat or glycocalyx comprises a mixture of glyco(sugar)-lipids and glyco-proteins 
and is considered to play an important role in cellular interactions. Consequently, a study of 
surfaces coated with a layer of polyelectrolytes, either in isolation or interacting, is of 
particular interest in several biological areas. We began our study, in Chapter 2, by 
attemping to understand some of the effects on the electrophoretic mobility of cells of 
changes in the coat structure with changing electrolyte concentration, then, in Chapter 3, we 
sought to examine the consequences of the flexibility of weak polyelectrolytes in 
potentiometric titration conditions, here (and in the next chapter) we emphasise on the direct 
influence a coat of chains have on the interaction of two similarly coated surfaces. 
The coupling between the response of the grafted polyelectrolyte chains and the 
surrounding ionic solution to any change in the conditions makes the evaluation of 
properties of such surfaces difficult (as we have already noted earlier). For instance, a 
self-consistent mean field calculation (for the case of polyelectrolyte adsorption) has been 
carried out by Papenhuizen et al. (1985), but this too has necessarily involved detailed 
numerical work. 
In this present chapter, an important recent advance in the understanding of surfaces 
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bearing grafted neutral polymer chains, introduced in Chapter 3, is used to develop 
analogous analytical methods for similarly attached polyelectrolytes under a variety of 
different external conditions. As shown by Milner, Witten and Cates (1988) (hereafter this 
work will be referred to as MWC), at moderate surface concentrations of grafted polymer 
chains (that is, the semi-dilute regime) the statistical mechanical properties of the chains can 
be evaluated using an analogy with the (classical) mechanics of a particle moving in a mean 
potential field. This method is readily generalized to the case of charged chains grafted to an 
arbitrarily charged surface and immersed in an electrolyte solution. The resulting theory can 
still be solved analytically, and the solutions provide a simple and convenient way to 
explore the conformations and the interactions of such surfaces as the polymer charge, 
surf ace charge and electrolyte concentration are varied. In the following sections we 
consider in turn the extension of the method to charged chains, the calculated density 
profiles and surface interactions, and the region of applicability of the resulting method. 
BS 
5.2 Method 
The method utilizes a polymer description based on an analogy with classical 
mechanics (de Gennes, 1979). It is a mean-field approximation, valid under the conditions 
of moderately high polymer concentrations and weak excluded volume interactions. Chain 
configurations are then predominantly influenced by interactions with neighboring chains 
and not by interactions between groups on the same chain. 
Let us consider a polymer chain, with one end attached to a surface, interacting 
through a mean field, with similarly attached neighboring chains all forming a semi-dilute 
brush. Its configuration corresponds to a path of a classical particle moving in a mean field 
of an "inverted" potential, -V(z). As shown by MWC, when all the grafted chains have the 
same contour length, all particles, within the classical mechanics analogy, must reach the 
surface at the same time. The time does not depend on the "path" taken, i.e. the particular 
polymer configuration or the position of the free end of the polymer. The inverted potential 
is hence an equal-time, harmonic oscillator potential, which has a quadratic form. 
The above argument depends only on the applicability of the mean-field calculation 
for a particle trajectory as a description of a grafted polymer chain in the self-consistent 
potential field. In MWC, the only contribution to the mean potential field experienced by a 
monomer is the binary (steric) interaction with its neighbor monomers, explicitly written as 
-V(z) = -wq>(z); where q>(z) is the average monomer concentration at a distance z away from 
the surface, and w is the excluded volume parameter. In the case of charged chains, the 
mean field includes an electrostatic contribution and we write instead 
2 
V(z) = w~(z) + zpe'V(z) - A - Bz , (5.1) 
where 2pe is the charge on the monomer and 'lf(z) is the average electrostatic potential. 
The source of the electrostatic potential 'lf(z) has contributions from the polymeric 
charge, the surface charge and the mobile ions distributed in the surrounding electrolyte. In 
. 
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the mean-field approximation, correlations between ions are neglected and 'lf(z) is 
determined from the Poisson-Boltzmann (PB) equation. For simplicity we consider 
problems where the electrostatic potential is not large, and solve the linearized PB equation 
for surfaces with grafted polyelectrolytes in contact with a symmetric monovalent 
electro! yte, 
2 
'V" (z) - (81te ~nc/e)'V(z) - (41tzpe/E)<i>(z). (5.2) 
The two source terms (on the rhs of Eq. (5.2)) contributing to 'V"(z) arise from the 
ions in the electrolyte solution (with an equilibrium bulk ion density, n0) and the charge on 
the polymers, respectively. The dielectric constant, E, is taken to be the same inside and 
outside of the polyelectrolyte region while p denotes 1/k:8 T. q>(z) can be eliminated from 
Eqs. (5.1) and (5.2) and the resulting inhomogeneous equation for 'lf(z) can then easily be 
solved to give, 
2 2 2 4 
e~'V(z) = C exp(-1e'z) + D exp(K'z) + (zp~ /2n0 w)[(A-Bz )/K' -2B/K' ] , (5.3) 
where ,c'2 = ,c2(1 + 2p2/2n0wP) and 1C = (81te2PnofE)l/2 is the inverse Debye screening 
length. The distinct cases of a single grafted brush in isolation and of two interacting 
brushes are to be treated separately. In the former case, the solution of Eq. (5.2), outside of 
the brush region, contains only a decaying exponential term, 
'V..., exp(-KZ). 
While in the latter case the solution is symmetrical about the midplane, having both growing 
and decaying exponentials, 
.~ i 
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'V - cosh(K(d-z)) , 
where 2d is the separation between the bare surfaces. 
The integration constants, A, B, C and D are determined from the following 
physical requirements: 
(i) The path of each particle in the classical mechanics analogy is one quarter of the 
harmonic oscillator cycle, and hence B = 31t2/8~L2, as was shown in Chapter 3. This 
condition remains unchanged from the work of MWC. Here L = NA, with N being the 
degree of polymerization and A the segment length. 
(ii) The net amount of material in the grafted brush must be equal to the product of the 
number of segments per chain and the surface coverage, a, of grafted chains 
h f $ (z) dz - Ncr, 
0 
(5.4) 
where his the equilibrium height of the brush. The form of this condition is also unchanged 
from that of MWC, but with the monomer density, <j>(z), now determined from Eq. (5.1). 
(iii) The derivative of the potential at the surface, 'V'(z=O) is determined by a uniform 
surface charge density, Ps, 
'V'(z = 0) - (5.5) 
(iv) For either the case of an isolated surface or that of two interacting surfaces, the 
electrostatic potential and the electric field must be continuous at the height z = h, where the 
polymer brush ends. If we denote by I and II the respective regions occupied and 
unoccupied by the brush, then the above two conditions are 
'Vr (h) = 'Vrr (h) and 'Vr' (h) - 'Vrr' (h) . (5.6) 
• ~ I 
..... 
BB 
Of course, when the brushes are in contact 
'Vr' (h = d) - 0, (5.6') 
from symmetry. 
The equations obtained from the boundary conditions (ii) - (iv) are readily solved to 
complete the unique solution for the electrostatic potential, 'Jf(z), and the monomer density, 
<t>(z), with these given respectively by Eqs. (5.3) and (5.1). The final expressions for A, C 
and D for all of the above cases are given in Appendix 5A. 
The free energy of the system can be obtained by assembling the complete system in 
stages. At first there are no grafted chains; the surfaces are gradually charged with the 
electrolyte distribution adjusting to the change. After the desired surface charge is reached, 
polyelectrolyte chains with the specified charge are progressively added. This procedure is a 
straightforward extension of the charging process used to evaluate the change in the free 
energy or the work done in building up an electrical double-layer against a charged surface 
(Verwey and Overbeek, 1948). The free energy change arising from the build up of the 
charged brush is obtained in direct analogy with the arguments of MWC: since the free 
energy per chain does not depend on the state of the chain, one can take a chain starting 
very near the surface. The free energy of a chain is then V(O)N. Upon adding a single 
chain, the change in the system free energy is A(a')N, where a' is the number of grafted 
chains per unit area already present. The integration over a' which gives the free energy 
change for this second stage, 
(J 
N f A ( cr' ) dcr' , 
0 
(5.7) 
will differ depending on whether the system consists of a single surface or two interacting 
. 
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surfaces. 
Let us first consider the simpler case of a single surf ace. As proposed by MWC for 
the case of a neutral brush, the equilibrium brush height, h1, is determined from the demand 
that the monomer density vanishes at z = h1• 
~ (h; cr) - 0. (5.8) 
By invoking a similar argument to that of MWC, it follows that in the present circumstances 
this condition will still correspond to the minimum of the free energy (although this is 
difficult to verify numerically). The integral over the surface coverage s' in Eq. (5.7) is 
performed using the solution for A(cr', h1), where for each value of cr' the brush height is 
the corresponding equilibrium thickness, h1. 
For the case of two interacting surfaces, the solution is symmetrical with respect to 
the plane midway between the surfaces. The integral over cr' is performed in two stages: 
during the first stage the brushes do not touch, and their height, h2, is still determined by 
Eq. (5.8). In the second stage the brushes are in contact, and their height is h2 = d, where 
2d is the surface separation. As in MWC, the model does not allow any interdigitation of 
chains during this second stage. 
Upon denoting, by F, the final free energy per unit area per surface obtained from 
the above process, the interaction pressure P = - aF;ad, is given by 
O' 
P - n/P'VoCd/ - N ! J A (cr') dcr' (5.9) 
0 
The first term has its origins in the process of charging the two surfaces (within the 
linearized PB approximation) in the absence of polymers. 'Vo(d) is the electrostatic potential 
at the mid plane at the end of this process . 
. 
The second term arises from the simultaneous formation of the two brushes. This 
" 
11 
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integral, as mentioned before, is evaluated in two steps. At first the brushes are not in 
contact. However, unlike the case of neutral brushes, because of the electrostatic coupling 
between the opposing surfaces, the brush height, h, will depend on the separation, d, 
although the brushes may not be touching. At a given value of a', the constant A is then a 
function of both h and d, with h, in turn, being a function of d. After contact, h ( = d) is 
held constant in A, which then only depends on d. The integral term in Eq. (5.9) can thus 
be separated as 
a . 
cnt 
- N f caAtad + aNah ah/ad) dcr, 
0 
a 
- NI aNad dcr' ' 
a . 
cnt 
(5.10) 
for the two respective steps outlined above. The coverage crcrit when the brushes first touch 
is of course dependent on the separation, however, in the differentiation the contributions 
from this variable, coming from the two integrals, conveniently cancel in Eq. (5.10). 
From crcrit, when the brushes first touch, to the final coverage, a, the contribution to 
the free energy and likewise to the pressure (the second integral of Eq. (5.10)) can be given 
in a concise analytical form (seethe Appendix for the pressure) which is a simple extension 
of the expression by MWC. For small separations, this term gives the dominant 
contribution to the pressure. 
Having determined the value of A corresponding to a given a and d, a derivative of 
this expression with respect to hand dis easily obtained. The factor ah/ad in Eq. (5 .10) can 
be determined analytically: given that the equilibrium brush height is determined from the 
zero density criterion, 
~ (h(d) , d; cr) - 0 , 
differentiating q> with respect to d gives 
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(5.11) 
where q> is given by Eq. (5.1) with the appropriate values of A, C and D. 
When the surf aces, at final coverage, are separated by a distance greater than twice 
the equilibrium brush height, that is, the brushes are not in contact, then only the first term 
of Eq. (5.10) contributes to the pressure. At this stage, the pressure then originates solely 
from the overlap of the ionic double layers. In the mean-field approximation there are no ion 
correlations and, in analogy with the theory of the double layers (Verwey and Overbeek, 
1948), the pressure is then equal to the osmotic pressure, written in the general form 
kB TLJni(d) - niQ], where ni(d) is the midplane density of the ionic species i and niO is the 
corresponding bulk density. While Eq. (5.10) can still be used, it is easier to use the 
linearized osmotic pressure which, for this system, is given by, 
p osm (d) (5.12) 
where 'V(d) is now the mid-plane potential in the presence of polyelectrolytes. 
There is little conceptual difficulty involved with calculating the pressure; the 
osmotic term in Eq. (5.9), and the additional term in the first integral of Eq. (5.10) 
calculated using Eq. (5.11) are the only contributions not present in the method of MWC. 
The pressure can also be calculated as a numerical derivative of the free energy, and for all 
the cases shown below this numerically evaluated pressure concurred with the analytic 
result. 
The interaction free energy, G(d), measures the work done in bringing two isolated 
surfaces to a separation of 2d, and so is simply obtained by subtracting twice the total free 
energy for an isolated brush from the total free energy for two interacting brushes. That is, 
... 
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a 
+ J (A(h(d), d; cr') -A(h, 00 ; cr')) dcr' . (5.13) 
0 
The first term arises from the work done in bringing two (bare) isolated charged surfaces to 
a separation of 2d (see Appendix 5B). 
The interaction free energy is of interest in its own right, as some experimental 
methods involve measuring the forces between curved surfaces (Hunter, 1987a). Within the 
Derjaguin approximation (Hunter, 1987b), the interaction free energy per unit area is equal 
to the measured force divided by the radius of curvature of the surf aces. However, once the 
brushes are deformed, the application of the Derjaguin approximation is no longer 
straightforward . 
. 
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5.3 Examples 
In Figure 5.1 we have shown the change in the density profile of an isolated brush 
as the charge on the chain, N2pe, increases. In this example, the electrostatic contribution to 
the persistence length (Skolnick and Fixman, 1977), given as le= Q / (4K2A.2), where the 
B jerrum length, Q = 2p 2e2~/E, and A is the separation of charge groups along the chain, is 
larger than the characteristic length of the neutral system, i.e. the Edwards correlation 
length, ~E z A/ (12wcp)l/2, and the variation of the profile is dominated by electrostatics. 
In Figure 5.2, as the electrolyte concentration is increased the charges on the chain are 
progressively screened and the density profile returns to that of a neutral brush. 
When the grafting surfaces are charged, another important length scale is introduced: 
the Debye screening length for the electrolyte, ,c-1. Within ,c-1 from the surface the polymer 
behavior is strongly modified, while monomers outside this range barely feel the effect of 
the surface charge. We illustrate this in Figure 5.3, where the monomer profile is shown for 
three different surface conditions: a neutral surface, and a surface charge of either sign 
comparable in magnitude to that carried by the brush. The surface charge has little effect on 
the form of the monomer distribution beyond about 0.2h* (-1.5 ,c-1 for this case) while 
within the distance ,c-1 from the surface the profile shape and magnitude is greatly affected. 
The results for the interaction of two surfaces with grafted polyelectrolyte brushes, 
illustrated in Figures 5.4 - 5. 7, are particularly interesting. These results were calculated 
under the conditions corresponding to those of Figures 5.1 - 5.3. 
Three separate regimes are apparent in the results. When the surfaces are far apart, 
the interaction is the conventional double-layer repulsion. However, since charge on the 
polyelectrolyte brush is a diffuse layer some distance away from the surface, the origin of 
the double-layer repulsion is shifted out from the surface. In the next regime, as the 
surfaces are brought closer together, polymer configurations begin to accommodate to the 
change, and the repulsion does not rise as steeply as it would if the charges were immobile. 
Calculations indicate that even before the brushes come into contact, their height decreases 
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FIGURE 5.1. Monomer density profiles for increasing fraction of monomer charge, 
shown in the figure. The degree of polymerization is N = 100, with the segment-
segment distance, A= 10 -7 cm. The distance from the wall is given in units of h *, 
the height of the neutral brush, which is about 64% of the fully extended chain, 
L=l0-5 cm. The concentration of the 1 :1 electrolyte is taken to be lmM, while the 
grafting surface is uncharged. The number of grafted chains per unit area, 
cr= 1012 cm -2 . Unless stated to the contrary, the same conditions also apply for 
the subsequent figures. 
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FIGURE 5.2. Monomer density profiles at different electrolyte concentrations. 
The chain particulars correspond to the case of the monomer charge 2p = -0.5, 
shown in Figure 1. The bulk concentrations of a monovalent electrolyte are 
shown in the figure. The neutral brush profile (not shown) is almost identical to 
the 10-1 M case. 
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FIGURE 5.3. Monomer density profiles for different grafting surface charges. 
The chain particulars correspond to the case of the monomer charge z p= -0.2, 
shown in Figure 5 .1. The two broken curves show the effect of changing the 
sign of the surface charge, thus making the polymer a poly-coion or a poly-
counterion, while the solid curve corresponds to the case of a neutral surface. 
The number of surface charge groups per unit area,Ps/ e, is 10 13 cm-2, which 
corresponds to one half of the equivalent charge per unit area carried by the 
polyion. 
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with decreasing separation. Lastly, when the brushes are in contact and resist compression, 
the repulsion is enhanced due to the excluded volume effect. 
The solid lines in Figure 5.4 are calculated for conditions identical to those in 
Figure 5.1. As the monomer charge is increased, chains are progressively stretched leading 
to brush contact at larger separations. This is indicated by a shift in the position of the 
symbols, which mark the separation at which the brushes first touch. The dotted line 
represents the pressure profile one would achieve by amassing all the polymer charge(~= 
-0.5) as a surface charge. This results in a simple double-layer pressure. At very small 
separations, the compressed polyelectrolyte charge resembles a surface charge distribution, 
hence the two corresponding curves (the dotted line and one for zP = -0.5) should be 
similar. 
The screening of the electrostatic interaction of polymer brushes is shown in the next 
figure. As the electrolyte concentration is increased, there are two effects: the exponential 
tail of the interaction decays more rapidly, and the brushes contract towards the surface, 
making the interaction law increasingly similar to that for neutral polymers. 
The final two figures consider the effects of varying the surface charge. Unlike the 
variation of the profiles shown in Figure 5.3, the effects of surface charge on the interaction 
of polyelectrolyte brushes are not localized and the resulting curves show a simple 
enhancement or reduction of the pressure and interaction free energy (Figures 5.6 and 5.7, 
respectively) relative to that for a neutral surface. 
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FIGURE 5.4. Interaction between the surfaces as a function of surface separation, 
evaluated for the cases corresponding to those of Figure 5.1. The distance scale is 
in units of 2h* since the separation is actually 2d. The monomer charge on the 
polyions is shown in the figure, and the triangular symbols mark the separation 
when brushes first touch. The dotted curve is the usual double-layer pressure profile 
which would be obtained for the case z = -0.5 if all the polymer brush charge was p 
concentrated on the grafting surface. 
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FIGURE 5.5. Interaction between the surfaces at monovalent electrolyte 
concentrations marked in the figure, and corresponding to the conditions 
shown in Figure 5.2. Monomer charge on the brushes is zP = -0.5, except 
for the dotted line which shows the interaction of the neutral brushes. 
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FIGURE 5.6. Effect of grafting surface charge on the interaction between 
polyelectrolyte brushes. The surface charge is shown in the figure, and the 
monomer charge in the brush is 2p = -0.2. The full line corresponds to the 
uncharged surface. 
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FIGURE 5.7. The free energy of surface-surface interaction for the 
conditions of Figure 5.6. 
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5.4 Discussion 
While the work presented in this chapter is a straightforward application of the 
quadratic potential mean field discovered by MWC, it is interesting to consider how new 
elements of the theory have affected its physical basis and its region of validity. At high 
surface coverage, the mean-field description of MWC breaks down when excluded volume 
potential is no longer proportional to the monomer density. This fault is inherent in the 
approximation and remains unchanged in our extended version. 
At low surface coverage, the original model breaks down when the mean field is 
weak and fluctuations of each individual chain about the mean trajectory become important. 
When the electrostatic contribution to the mean potential field is included, the field becomes 
stronger and the validity of the mean-field approximation is extended to lower surface 
coverages. The effect is more significant when the grafting surfaces are charged. With 
sufficient charge on the surface and the polymer, the interaction with the field will be strong 
and under those conditions even a low surface coverage brush may be described in the 
mean-field approximation. 
The low-coverage behavior of the present approximation is particularly important in 
the calculation of the interaction between the two surf aces. In the free energy calculation, 
the brush density is gradually built up. During this process the system passes through 
low-coverage intermediate states, where the approximation used is physically not valid. The 
corresponding contributions to the final free energy or pressure expressions are incorrect. 
When the brushes are in contact, these contributions vary from one surface separation to 
another and contribute to the error in the calculated interaction pressure. Addition of the 
electrostatic field should make the problem less serious, particularly in the case of charged 
urfaces. 
In conclusion, we find that the extension of the mean-field approximation to 
polyelectrolyte brushes has revealed a variety of interesting physical behavior which should 
serve as a useful reference point in analysing experimental data or more complicated 
l 
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theoretical approaches. 
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APPENDIX SA 
The Integration Constants 
The expressions for the integration constants A, C and D will depend on which of 
the three problems are to be solved: an isolated surface, two interacting surfaces with a 
separation such that the opposing brushes are not in contact and two interacting surfaces 
with brushes in contact. 
In the first instance, the potential profile outside the brush region is a decaying 
exponential with decay length, K""l. Using the conditions (ii-iv) of the text, A, C and D , are 
given by 
D - C = - 41te~Ps = r 
£1( 1 ' (5Al) 
zpi2 Al( 
2C (l(COSh(l(' h) + 1(1 sinh(l(' h)) + --- - - (1( + 1(1 ) ex:'hr 
?n ,2 1 
-"() w 1( 
(5A2) 
and 
x:'h + Zp ( e - 1) fl , (5A3) 
respectively. 
For the case of two interacting brushes with surf ace-surface separation 2d.>2h the 
"interior" solution is in the form of 'VII - cosh(K(d-z)). Conditions (iii) and (ii) return 
(5A.1) and (5A.3) above, respectively, while condition (iv) implies, 
. 
.... 
I 
---
2C (Kcosh(K' h) tanh(K(d-h)) + 1( 1 sinh(Kh)) + Zp Ktanh(K(d-h)) x2 A 
2n0wK' 
2pi1-B (Ktanh(K(d-h))(h2 + 2/r.::2) + 2h) 
- 211a w 1(,2 
- (Ktanh(K(d-h)) + 1(1 ) eK'h f 1 . 
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(5A4) 
Finally, for the case of two interacting surfaces with brushes in contact, h = d, there 
1s no "interior" solution and the matching conditions (iv) reduce to the symmetry 
requirement, ~(d) = 0. This, with condition (iii) determines C and D completely: 
2 C sinh(K' h) 
zpi1-hB 
- elC'h r (5A5) - 3 1 
n WK ' 0 
and 
2 D sinh( K' h) 
ZPK2hB 
-K'h f (5A6) - e 1 3 
n wK' 0 
while (ii) provides us with the expression for A, 
(5A7) 
The second integral term in Eq. (5.10) can be evaluated without too much drama, 
using Eq. (5A.7) above. For the pressure at contact, we find 
(5A8) 
Turning off the polymer charge (2p = 0) reduces Eq. (5A.8) to the MWC 
expression as it should. 
. 
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APPENDIX SB 
The Interaction Free Energy in The Debye-Htlckel Limit 
The solution of the linearized PB equation between two identically charged surfaces 
(with no polyelectrolytes), interacting at constant charge, is given by 
'V(z) - 41tcr cosh(K(b - z)) EK sinh( Kb) (5B. l) 
where b is the half separation of the surfaces; z is the distance from the origin, on one 
surface, to the other surface; K is the inverse Debye length for an electrolyte concentration 
of n; and the coefficient is given by the usual surf ace charge condition at z = 0, at a charge 
of a < 0. For small potentials everywhere, the pressure, determined by the potential 
midway between the surfaces, may be linearized, in this potential, to give, 
(5B.2) 
The interaction free energy, under constant surface charge conditions, can be obtained by 
evaluating the work done in bringing the two surfaces together, from infinite separation to a 
distance of 2b. That is, 
b 
V(b) - -2 J p(b') db' . (5B.3) 
00 
Placing Eq. (5B.2) with (5B. l) into Eq. (5B.3) and evaluating the integral provides us with 
an explicit expression for the interaction free energy at constant charge, 
nkT (41te~cr 12 V(b) - 2 l( f.K } (coth( Kb) - 1) . (5B.4) 
. 
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One should compare this form with the expression for the interaction free energy at constant 
potential, 'Vo, as evaluated by Verwey and Overbeek (1948), 
2 
V(b) - 2n:T (e~'Vo) (1 - tanh(1eb)) . (5B.5) 
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CHAPTER 6. 
CONFORMATION OF SURFACE BOUND POLYELECTROLYTES: 
A MONTE CARLO STUDY OF MEDIUM-LENGTH GRAFTED CHAINS 
Abstract 
Use is made of established Monte Carlo techniques applied to polymeric systems. The 
general mechanics thereof is adapted to the study of planar surfaces bearing a coat of 
medium-length chains, both charged and uncharged. The chain size investigated, described by 
the degree of polymerization, N, is of 50 repeat units. The self-avoiding chain configurations are 
generated on a tetrahedral lattice while the electrostatics are calculated within the linear 
Poisson-Boltzmann description, although a general nonlinear formulation is first presented. 
We study the variation of monomer density profiles for different conditions of electrolyte 
concentration, degree of polyion charge and the surface coverage of chains. We also briefly 
discuss the interaction of two similarly coated surfaces. 
... 
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6.1 Introduction 
Fixing a large number of ionized groups to the backbone of a polymer chain 
significantly modifies its conformational characteristics to the extent that many other 
considerations, such as excluded volume, may be neglected in any ensuing calculation of 
polyelectrolyte properties. The bound charges serve not only to affect the conformation of 
an extended flexible macromolecule but, in creating a high local charge density, strongly 
influences the behavior of the mobile ions present in the neutralizing solvent. 
In dealing with polyelectrolytes two types of problem emerge, each one dependent 
on the other. The first involves a study of the effects of a bound charge distribution on the 
configurational properties of the chain, while the second concerns itself with the question of 
how the polyion charge affects the local ionic activity. These are clearly not independent 
questions. The interaction of the polyelectrolyte with simple mobile ions results in a 
nonuniform ionic distribution for the latter which strongly modifies, through electrolytic 
screening, the dominant interaction between the bound monomeric charges and so alters the 
equilibrium chain configuration (Morawetz, 1961). 
One important class of macromolecular systems, which is the subject of the present 
study, is that of an impenetrable wall bearing a coat of end-attached, long-chain molecules. 
Such a model has been adopted to represent the external features of a biological cell 
(Parsegian, 197 4; Donath and Pastushenko, 1979). The chain molecules, imagined to be 
bound to a "membrane" by hydrophobic moieties, generally possess a distribution of 
ionizable groups along their hydrophilic length. Consequently, some likeness to 
polysaccharide appendages, existing on the external side of the cell membranes, may be 
pictured. Using this model the possibility of quantifying some macroscopic aspects of cell 
behavior, such as cell-cell interaction (e.g. Voight, et al., 1982), exists. 
As things stand though, a complete quantitative description of this system is almost 
impossible. However, one simplifying luxury we are at liberty to adopt (given the right 
coverage) is that of the concept of a self-consistent mean-field (Edwards, 1965). This 
-
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approach has been used to great advantage in calculating the characteristics of neutral 
polymers and basically involves treating the macromolecule as existing, in some equilibrium 
conformation, in the presence of an ensemble averaged interaction field that is itself induced 
by the presence of the polymer. This concept has been implemented for the excluded 
volume problem ( Freed, 1972; de Gennes, 1979) but falls naturally into the class of 
electrostatic problems under investigation here. 
To lowest order, the electrostatic features of the system are governed by the 
mean-field electrostatic potential, 'V, while higher-order effects are described by correlation 
functions between individual charge species. The mean-field treatment is easily handled by 
adopting the Poisson-Boltzmann (PB) approach (Verwey and Overbeek, 1948) while the 
latter requires more sophisticated techniques (e.g., Kjellander and Marcelja, 1985) and is 
not treated here. Thus we may consider the chain coat, along with the neutralizing 
electrolyte, as inducing the electrostatic potential field, 'V, which in turn determines the 
average equilibrium chain conformation. 
In Chapter 2 we looked at a coat of short-chained molecules. Here we emphasise 
chains of intermediate length, - 50 repeat units. 
To describe the conformational response of such a polyion coat we adopt a 
computational approach: that of a biased Monte Carlo (MC) simulation. To improve upon 
the efficiency of the most basic MC simulation of self-avoiding random walks we invoke a 
mixture of biased sampling (McCrackin, 1967; Mazur and Mccrackin, 1968) and 
importance sampling (McCrackin, 1972; Eisenriegler, et al., 1982) to enable many more of 
the important configurations to be included in our sample. Appropriate ensemble averages 
are then calculated keeping in mind this biasing and the presence of the enveloping mean 
field. These calculated averages along with the electrostatic interaction potential enable the 
system, as is stressed in earlier chapters, to be closed for self-consistency. 
It is clear from the above that the original problem can be broken down into two 
connected calculations thus: given the field the ensemble of polymer configurations is to be 
determined; from this one can then deduce the distribution of charged monomers which is 
I 
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required to evaluate the mean field. 
One of the most important ensemble average characteristics is, as per the above, the 
charged monomer distribution, np(r). Not only as it is needed for self-consistency but also 
as it provides an impression of the manner in which the polyelectrolyte coat adjusts to 
changes in its environment. These are calculated and reproduced below in addition to the 
corresponding electrostatic potential profiles. We also present results describing the 
interaction of two similar, charged and uncharged, coated surfaces. Some of the above 
findings are discussed in relation to the earlier analytic mean-field study of both isolated and 
interacting brushes, neutral and charged (Chapters 3 and 5). 
In the next section we introduce the algorithm used to evaluate, firstly, the ensemble 
properties of the surface coat of chains and secondly the electrostatic description of the 
system. We also include a derivation of an expression for the interaction of two coated 
surfaces. 
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6.2 The Computational Model 
The problem we wish to address is that of a planar surf ace bearing a coat of 
end-grafted charged chains. The covering of chains is at a surface density, tt, of grafting 
points per unit area. This surface coat (of chains) is immersed in a simple uni-univalent 
electrolyte solution of bulk concentration, n0. The simulation splits naturally into two 
(connected) calculations: one for the conformational description of the chains while the 
other governs the description of the electrostatics. Basically, we use a modification of well 
documented algorithms for the calculation of individual chain configurations and the 
ensemble average properties while the electrostatics is treated in a mean-field limit. 
(A) CONFIGURATION ALGORITHM 
Our interest in the characteristics of long (linear) macromolecules necessitates the 
use of a Monte Carlo (MC) calculation of the configurational statistics for a long chain. In 
the application of this technique to our problem, a sample ensemble of configurations of a 
surface attached chain is obtained from a series of self-avoiding random walks on a 
tetrahedral lattice (Feigen and Napper, 1979; Kremer et al., 1981). 
This lattice has an advantage over any other in 3D, such as the simple cubic, in that, 
upon disregarding the unphysical reverse steps, its coordination number is a low 3 
compared with, say, a relatively high 5 for the latter. This implies that at each step of a walk 
only 3 possibilities exist (cf. 5 for the cubic) resulting in only 3N possible configurations for 
an N-walk. This is the primary justification for our choice of the diamond lattice. In 
addition, though of less relevance here, had we included the conformational bond energies 
along our chain, as in Chapter 2, the similarity between the bond angles of most polymers 
to the tetrahedral angle (Flory, 1969) would have added further credence to the use of this 
construct. 
We begin each random walk starting (with the zero-th monomer) at the origin of a 
Cartesian co-ordinate system on the surface to which the polymer is end-grafted. Each step 
... 
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can then be located at, say, (a, b, c) with respect to this co-ordinate system. The surface 
itself does not lie in the a-b plane, instead it is defined as having its normal vector, n, 
parallel to the all-trans configuration of the chain. Specifically, though arbitrarily, the 
normal is chosen to be in the direction of the vector joining the zeroth monomer, at (0, 0, 
0), to sites of the form (0, mA, mA), m even (m = 2 corresponds to a possible location for 
the second monomer, etc.). That is, the unit normal, n = (0, l/"12, l/"12) in this "skewed" 
coordinate system. Here 4A. is the length along a side of the unit cell and '13A. is the length 
of each bond. Successive steps of the walk (or monomer sites) are obtained by stepping in 
either of the three directions [-a, p, y], [ a, -P, y] or [ a, p, -y] from the preceding site 
whenever the latter is reached in the direction [ a, p, y] from its predecessor. Here a, p, y = 
+l. 
In making a successful random choice for a subsequent step on the lattice, certain 
criteria must be satisfied. 
Firstly, with the surface substrate being impenetrable no part of the chain or walk 
can lie below the plane, z = (b+c)/2 = 0. No lattice site beneath the surface can ever be 
occupied by a monomer (step). 
Secondly, the physical restriction that the chain cannot pass through itself 
corresponds to the obvious constraint that no site on the lattice can be occupied by more 
than one monomer, resulting in a self-avoiding walk. 
As a third restriction we may also include a constraint on the walk in its lateral extent 
(in the x-y plane of the surface) to mimic any interaction with neighboring chains which 
become important when the packing fraction of grafting points (proportional to the surface 
coverage, t}) is relatively high. This is achieved by enclosing the chain in a box, the walls 
of which can be treated as either reflecting or periodic. The former has obvious 
implications. The latter option implies that any part of the chain emerging from one side of 
the (square) box enters again from the opposite side. In both of these simulations mass 
conservation is maintained. Of the two, the assumption of reflecting walls, is by far the 
more restrictive as it obviates the possibility of any chain entanglement and we assume is 
H 
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only valid at very high packing fractions. The less restrictive case of periodic walls is 
adopted here. Periodic boundaries have been used with qualitative success by Clark and Lal 
(1978) and Cosgrove, et al. (1987). It can be appreciated that the polymer end-to-end 
distance cannot be computed directly with the periodic model (Croxton, 1986) unless one 
takes account of all lateral shifts; but the model is thought unlikely to seriously and 
adversely affect the segment/monomer densities which will be needed here. An interesting 
question is whether an end-to-end distance is as an important a quantity in these 
circumstances as, say, in the bulk case? One would have thought that a more meaningful 
length scale is the distance the coat of chains extends into the open half-space, z > 0. In this 
case the "dissection" of the chain as it passes through the periodic walls of the box does not 
interfere with the determination of this coat parameter. No direct comparative testing of the 
periodic boundary condition with a full multi-chain calculation has been attempted nor is 
knowingly available from other sources (baring a statement by Clark and Lal ( 1978) of 
agreement between their results and a multi-chain/periodic cell calculation of H. Okamoto, 
in a personal communication). 
Finally, in the event of a second coated surface interfering with the first via steric 
hindrances, the interaction can be simulated in the simplest of possible ways by adopting a 
hard-wall contact midway between the encroaching surfaces, limiting the maximum 
possible extent of the chains to half the bare surface-surface separation, b. Again, no lattice 
site beyond this midplane is accessible to the walker. The idea of a hard wall contact is of 
course a first approximation which increases in validity at diminishing separations and 
increasing coverages but which may not be so appropriate when the two coats first begin to 
touch. Although there will almost certainly always be some interdigitation of chains, the 
error incurred with this approximation is likely to be most serious only at first contact. 
Although an algorithm taking into account the interdigitation is not difficult, judging from 
our results below using the hard-wall assumption, such an elaborate calculation is presently 
not considered justifiable. We retain the assumption of no interdigitation of chains on 
contact as we had in Chapter 5 and as have Milner, Witten and Cates (1988). 
. 
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If any of the above criteria are not satisfied during the length of a random walk it 
(the walk) should of course be discarded. However, even for a fairly moderate chain 
length, e.g. the length we concentrate on here N = 50, it proves to be difficult and time 
consuming to obtain an ensemble of completed walks sampling literally at random. An 
approach that has been used to reduce the number of attempts needed to get a representative 
ensemble is one first apparent in the work of Rosenbluth and Rosenbluth (1955) that has 
since been adopted by others (e.g., Mccrackin, 1967; Mazur and McCrackin, 1968; 
Mccrackin, 1972; Eisenriegler, Kremer and Binder, 1982). The idea proposed is that, in 
the act of generating a walk, tests are conducted at each stage on all (3) possible subsequent 
steps to eliminate those that do not satisfy the above criteria with a final random selection 
made among the remaining possible choices. Of course, if none of the criteria are met at any 
stage of the walk it must then, though only then, be discarded. Limiting the random 
selection to only those possible directions ensures that fewer attempts are discarded. This 
forms the basis of the method of biased MC sampling. CPU time is of course lost in the 
oft-repeated testing, however, this loss is adequately compensated for by the fact that fewer 
new walks need be started. 
In addition to the usual Boltzmann weight for the energy of a configuration, Ei, each 
individual realization must now also be weighted by a factor, the multiplicity mi, that 
accounts for the reduction in the random selection process (see McCrackin (1972) for a 
' 
detailed argument). If a random selection is made among only nk choices at the kth step of a 
walk then these are 3/nk more likely than a random selection among the original 3. In the ith 
configuration, of N steps, the multiplicity is given as, 
N 
m. = IT 2-
1 n 
k = 1 k 
(6.1) 
The average (per unit area) of any chain parameter, T, can now be obtained by 
combining (6.1) with the Boltzmann weight for that same configuration to give, 
. 
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~ exp(-~£.) 
<T> = Li T. i 
i=i • mi / f exp(-~E) 
m. 
i= 1 1 
(6.2) 
where 
N 
£. = " ea.'lf(z~) 
1 Li J J (6.3) 
j=l 
is the potential energy of interaction of the chain in the ith configuration within the 
electrostatic potential field, 'V(z). The geometry of the problem suggests that the system is 
translationally invariant in the x-y plane (of the surface) and so the electrostatic potential 
(and the monomer density, defined below) is only a function of the distance, z, from the 
surface. The energies Ei may, in general, also contain internal energies of conformation 
from individual bond orientation, distinguishing between the bond-bond conformers trans 
and gauche+, as well as solvent-polymer effects (Flory, 1969) but these have not been 
included here. In Eqs. (6.2) and (6.3), p = 1/kT; k is the Boltzmann constant, T is the 
absolute temperature in Kelvin; Ti is the realization of the parameter T in the ith 
configuration; M is the size of our sample ensemble; e is the unit of charge; aj is the fraction 
or valence of charge carried by the jth monomer with the latter being a distance z/ from the 
surface in the ith configuration. 
For the problem of charged chains it is expected that, foregoing any preferential, 
attractive chain-surface interactions, for example in the case of polymer adsorption, the 
most favored configurations are those extending out from the surface. The chains will 
stretch into the solution in order to minimize their presence in an unfavorable, highly 
charged environment, created by neighboring charged chains. 
Unfortunately, for very long chains these extended configurations will represent 
only a small fraction of all possible configurations. The greater proportion of all random 
r 
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walks generated with the hitherto described sampling process will invariably have their 
maximum extent from the surface well below the fully stretched limit. These do not 
represent the dominant configurations in our ensemble. In order to sample the all-important 
wings of the configurational distribution, the stretched walks, we have included yet another 
bias. This additional bias features as one of a class of Importance Sampling techniques 
(McCrackin, 1972) and gives those important configurations an artificially higher 
probability of being sampled. Eisenriegler, et al. (1982) have used one variation of this 
technique for the opposite problem of polymer adsorption. 
We give steps away from the surface a higher probability of being sampled 
compared with those parallel to the surface which, in turn, are given higher probabilities 
than those toward the surface. That is, 
P >P >Pd u n (6.4) 
where Pu, P n and Pd represent the probabilities of an upward, neutral and downward step, 
respectively. These probabilities must naturally satisfy a normality condition here defined 
by, 
q p + q p + qdPd = 1 u u n n (6.5) 
The q's represent the number of choices possible at each step for the three directions (up, 
down or neutral). This hierarchy of probabilities, Eq. (6.4), is achieved with the 
introduction of a bias parameter, r, such that, 
(6.6) 
Combining Eqs. (6.5) and (6.6) gives an explicit relation between the P's and q's, and r. 
For the case when all three steps are possible we have, as an example, 
-
1 1 0 
1 
p = ----- , P = rP , Pd= rP . 
u 2 n u n (q + q r + qdr) 
u n 
(6.7) 
When any of the three choices are disallowed, due to either of the above constraints, the 
explicit form for the hierarchy, Eq. (6.7), changes. 
Once a biased choice is made for the jth step all biasing must be removed in 
averaging. This is done by means of a direct generalization of our earlier argument 
involving the multiplicity. Supposing the kth step of a configuration has nk possible options 
and the chosen step is given a probability, Pk, based on Eqs. (6.5) and (6.6), then the 
weighting for that entire configuration is the product of all the probabilities and multiplicities 
for all the steps, 
(6.8) 
The weighted average of a chain property, <T>, is again given by the form of Eq. (6.2) 
but now II\ is replaced with wi. The partition function for the ensemble of single-chain 
configurations, ~' is then given as, 
f exp(-~E.) 
Z =SLJ 1 • p w. 
i = 1 1 
(6.9) 
The value of the multiplicative factor, S, (which doesn't appear in (6.2) as it cancels from 
between the numerator and denominator) is due to the fact that we are not working with the 
complete ensemble but only a randomly selected sample. This factor then depends upon the 
number of configurations generated for any one set of conditions (chain length, bias (r), 
box size, etc.). S represents a scaling factor and its purpose can be explained in the 
following way. If we had somehow managed to obtain a complete sample without any 
. 
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overcounting then S would (obviously) be unity. If now, with no restrictions on a walk so 
that the total number of configurations is 3N, our MC sample size is only M (>or< 3N) then 
S = 3NJM: division by M gives a partition function "per configuration" and multiplication by 
3N scales back this partition function for the appropriate number of configurations. Now, 
for a given set of constraints (self-avoidance and the presence of the surface, etc.) the total 
number of possible walks will certainly be less than 3N, Np, say, while our ensemble of 
accepted, constrained walks may again only be M. Clearly S would now be NpfM. 
However, NP is extremely difficult to determine, its evaluation being equivalent to the 
problem of evaluating the entire ensemble proper, leaving us in a bit of a dilemma. To 
overcome this problem we make the following assumption: that the ratio NpfM be 
approximately equal to the ratio of the total number of unconstrained configurations, 3N, to 
the total number of attempts made, Ma. Therefore, we shall hereafter define Sas 
3N 
8 = -M 
a 
(6.10) 
It is recognized that S is simply a scaling and, even without the approximation (6.10), Eq. 
(6.9) will at best only provide an order of magnitude estimate of the correct partition 
function. However, no other simple alternative is apparent. 
This completes the description of our algorithm needed to evaluate the chain 
statistics. Computational details are left to Appendix 6C. 
(B) ELECTROSTATICS AND INTERACITON FREE ENERGY 
Each surface coat of charged chains is immersed in a neutralizing solution containing 
a simple ideal uni-univalent electrolyte. With the chains in the uncharged state, on a neutral 
substrate, the electrolyte species assume a uniform distribution right up to the impermeable 
wall. As the chains are charged up the electrolyte ions will redistribute themselves while the 
chains uncoil and stretch out from the wall, each adopting configurations that minimize the 
11 
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total free energy of the system. 
The electrostatic interaction between the charged monomers with themselves and 
with the free ion species is here handled through a mean-field description. The classical 
treatment of electrolytes at charged interfaces (Verwey and Overbeek, 1948) can be 
generalized to include the effect/presence of a distribution of charged chain segments (e.g., 
Hermans and Overbeek, 1948). The potential of interaction experienced by the monomers 
we attribute solely to electrostatics in the form of the potential, 'V, that is induced by the 
charge-coated surface and the mobile electrolyte. The interaction potential we explicitly 
write as, 
W(z) = ea (z)'V(z) , (6.11) 
where e is the unit charge and a(z) is the fraction or "valence" of charge carried by a 
monomer at z. 
The latter potential, 'V, we assume to be the solution of an extended 
Poisson-Boltzmann (PB) equation, 
; 47t " o 
-'V(z) = - -[ LJ ez.n. exp(-ez.~'V(z)) + ea(z)n (z) ] . 
dz2 £ i l 1 l p 
(6.12) 
Here, the first of the source terms, on the right-hand-side, comes from the mobile ion 
distributions, these are given the usual Boltzmann form as shown; the second term, as 
Pp(z), comes from the source of charge associated with the charged monomer distribution, 
np(z). This last is defined as an ensemble average of the instantaneous monomer positions, 
written formally as 
N 
n (z) = < " 8 (z - z.) >. p LJ J (6.13) 
j = l 
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An equation like (6.12) is not new in this area. Many treatments of polyion systems 
have used similar forms of this equation (e.g., Hermans and Overbeek, 1948; Marcus, 
1955) using a variety of geometries and assumptions, for example, linearization and 
uniform distribution of monomers. 
Equation (6.12) in its current form cannot be solved analytically for a general 
monomer density profile and so must be tackled numerically. Such a complication, 
however, need not be necessary if the dimensionless potential, eP'V, is small compared with 
unity. In fact, for the present qualitative interests one should not be too concerned if 
linearization is only approximately valid. We thus follow the lead set in the preceeding 
chapter and evaluate the electrostatic contributions explicitly in the linear limit. 
Expanding the exponential factors of Eq. (6.12) and retaining first order terms only 
results in a linear PB equation, 
cf 2 41t 
-'l{(z) - K 'l{(z) = - -p (z) E>(z - L) , 
dz2 e P 
(6.14) 
for which an analytic solution may be obtained. In the above K2 = 81tPe2nofE, K-1 is the 
Debye length and 8(z) is the Heaviside step function. The sum of the particular and the 
complementary solutions gives the most general solution to Eq. (6.14): 
z 
'Vr (z) J 
41tp (z ') 
- - P sinh(K(z - z')) dz' 
o e 
-lCZ 1CZ 
+ c e + c e 
+ 
(6.15I) 
This equation represents the solution valid in the region occupied by the coat of polyion 
chains, 8 = 1 (denoted by the subscript I). In the space external to this region, z > L, that 
is, in the absence of the polyion, e = 0 (region II), the general solution is simply the usual 
sum of growing and decaying potentials, 
. 
... 
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(6.15Il) 
Equations (6.15) in principle contain all the information to fully describe the 
electrostatic system, within the linear mean-field approximation. The integration constants 
c± and ~ are determined by the boundary conditions in the specific circumstances. 
For an isolated surface the appropriate conditions are, 
'Vr' (0) 41tcr - - -e- and 'Vn' ~ O as z ~ oo • (6.16a) 
The first is Gauss' condition for the difference in the field across a dielectric boundary with 
the interface carrying a surface density of charge, a. The latter comes from the 
electroneutrality condition. The underlying surface charge is included here for generality 
though we shall assume that the surf ace is uncharged. 
For the case of two interacting surfaces, at a surface-surface separation of 2b, the 
boundary conditions are, 
'Vr' (0) 41tcr - - -e- and 'Vn'(b) - 0 . (6.16b) 
The latter comes from the required symmetry of the solution (implicitly also from 
electroneutrality). 
These sets of two equations, (6.16a) and (6.16b), determine two of the integration 
constants. The remaining two constants are determined by the requirement that the potential 
and the electric field be continuous across the interface of the polyion coat with the free 
electrolyte solution, 
(6.16c) 
When the two opposing coats are in contact there is no "internal" solution (m and 
. 
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Eqs. (6.16b) with b = L hold in region I. A summary of the values for the coefficients for 
these cases is provided in Appendix 6A. 
A check was made on the accuracy and validity of the derived linear solution by 
comparing it with the full numerical solution to (6.14) that has been implemented to solve 
the problem involving short chains (Chapter 2). For a given charged monomer profile, Eq. 
(6.15) with appropriate coefficients is found to agree with the numerical solution at 
concentrations higher than 0.1 M salt. (The monomer profile that was used in this check 
involved chains of only 10 repeat units.) 
It should be immediately obvious that both the mobile ion distribution and the 
polyion conformation are interdependent. This mutual dependence is communicated through 
the potential, 'V· An equilibrium situation exists where an ionic profile influences a 
particular polyion conformation which consistently determines the former. To arrive at this 
equilibrium we have implemented, as in earlier work, an iterative algorithm where the 
results of a calculation of, say, the potential are used to calculate ensemble averages of our 
coated surface, for example, the monomer density, which in turn are used to calculate a new 
electrostatic potential. This process is continued until the relative difference between 
successive evaluations of the system parameters are less than a specified tolerance. On exit 
we are ensured to have obtained (to a good approximation) the optimal ionic distribution as 
well as the equilibrium segment distribution: the minimum free energy configurations. 
Many impermeable particles bearing long, charged appendages occur naturally. One 
important example is the biological cell where these appendages are polysaccharide/lipid or 
protein composites termed glycolipids and glycoproteins, respectively. This coat, 
appropriately called the glycocalyx, is thought to be fundamental in some features of cell 
behavior. In the study of these systems a significant item of interest is the manner in which 
such cells interact. The description on a microscopic scale highlighting specific group-group 
interactions is presumably quantitatively impossible. However, a macroscopic description 
of the interaction is possible. We shall now discuss our mechanistic approach to such a 
calculation. 
• 
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Basically, we start by considering the difference in (canonical) free energy between 
the initial, uncharged and the final, charged states of a system of two identically coated 
surf aces at a given separation, 2b. This is the electrostatic free energy change, Aei (per unit 
area). For our system we only need consider three different contributions. 
Firstly, there is the electrostatic energy, Ee1, of the direct charge-charge interactions. 
This term contains electrostatic monomer-monomer interactions, mobile ion-monomer 
interactions, mobile ion-ion interactions, etc .. This has the general form (Jackson, 1975), 
Eel = ~ J P,ot (r) 1jf(r) dr , (6.17) 
V 
where, 
p (r) = p. (r) + p (r) + a(r) . 
tot 10ns p (6.18) 
The second contribution to Ae1 comes from the change in the entropy of mixing of 
the mobile ions from the initial to the final state, TSmix, again at a given separation. In the 
presence of any fixed charge configuration, the mobile ions are nonuniformly distributed 
leading to a decrease in entropy relative to the ideal entropy of mixing, TSid, of the 
uncharged system, 
TS . = T(S - Si~ 
mix ) ' (6.19) 
where 
TS = - kT ~ J n. (r) (ln(A~n. (r)) - 1) dr, L..J 1 1 1 (6.20) 
1 V 
is the entropy of the ions in the nonuniform state. Ai is the thermal wavelength of the ith 
mobile ion species. All terms appearing in Eqs. (6.19,20) are implicit functions of b . 
... 
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As we restrict ourselves to the canonical description (Ni, b, T), the ions in the 
region between the surfaces and in the "bulk" are treated as making up a very large but finite 
number, care must be taken to include all the appropriate contributions from the ions in 
charging up the system. In particular, the number of ions (per unit area) between the 
surfaces increases/decreases (for counterions/coins) in the charging process. This 
corresponds to a proportionate decrease/increase in the number (per unit area) of these ions 
in the "bulk". Therefore, there is a change in the free energy of the "bulk" associated with 
the change from the initial to the final state. This free energy change is given by, 
M - -~ µ~ J (n. (r) - n~) dr . L..J l l l (6.21) 
l V 
Where, 
µ~ - kT 1n (A~ n?) 
l l l ' 
(6.22) 
is the intrinsic chemical potential (free energy per particle) of the ith species in the bulk. M 
is the work done in removing/adding N - No (as integrals of the densities) per unit area 
from the "bulk", at the end of the process. 
The final contribution we consider comes from the change in the configurational 
entropy of the polyion chains, TSP. The charged chains will be in a more extended 
configuration resulting in a decrease in entropy relative to the configurational entropy of the 
chains in the uncharged state where the number of possible configurations is much higher, 
TS = T(Sfl - S int) 
p p p ' 
(6.23) 
where 
<u > + kT t} 1n zn p p (6.24) 
. 
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is the configurational entropy in the final state. Here UP is the internal energy of any one 
chain configuration,~ is the configurational partition function of a single chain, Eq. (6.9), 
13- is the coverage of chains and <> is a configurational average per unit area. In Eqs. 
(6.23,24), all the terms are again implicit functions of b. 
The final expression then for Ae1 is, 
- E 1 - TS . - 2TS + llA e mix p (6.25) 
The factor of 2 accounts for the two interacting surface coats. If, in addition, the surface 
charge resulted from a dissociation equilibrium of surface groups, a term accounting for the 
path taken in the charging process, is to be included. For example, for a change in free 
energy at constant potential the contribution, -cr'tf (0), from each surface is added. 
Combining all the terms of Eq. (6.25), written explicitly in our geometry, gives 
b b 
\ 1(b) - J a(z) 'l'(z) dz - L, f[ ezi ni(z) '!'(z) + 2kT(ni(z) - n~) ] ctz 
0 1 0 
(6.26) 
Voight, et al. (1982) considered only Eel in his total free energy of interaction, neglecting 
both the changes in entropy of mixing of mobile ions and any configuration entropy of the 
chains. 
It is shown in Appendix 6B that, after linearization of (6.26) for small potentials 
consistent with our earlier linearized PB equation, the electrostatic free energy is given as, 
-
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b fl 
- mv(O) - J 'tf(z)p (z) dz - 2kT i} In ( ZP ) . 
p zo 
0 p 
(6.27) 
Where 'V(O) is the potential at the surface, in the final state. 
The linearized, electrostatic interaction free energy, Ge1Cb), is then given by the 
difference between Eq. (6.27) and its value for two surfaces in isolation. That is, 
(6.28) 
Rather than this last result though (linearized or not), the function that is of direct interest to 
us is actually the difference between Ae1(b) - 2kT t} ln 2i, 0(b) and its value at infinite 
separation, denoted by Gtot· This gives a measure of the work done in not only charging up 
the system but also of squashing the coats as the surfaces are brought together. It is this 
interaction free energy that is plotted in Figure 6.7 
One may formally take the derivative of (6.26) (equivalently (6.27) or (6.28)) with 
respect to the surface separation, 2b, to obtain the electrostatic pressure, Pel, 
(2.26) 
However, it turns out that with the current numerical model, it is only possible to evaluate a 
numerical derivative which has proved to be too inaccurate for reliable interpretation. 
Therefore, we rely on the change in free energy to provide us with a description of the 
interaction. 
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6.3 Results and Discussion 
In view of the similarity between this system and that studied in Chapter 2, a 
convenient and exact test on the efficiency and accuracy of the Monte Carlo (MC) algorithm 
is available. Once the bond rotation energies, considered in Chapter 2, are abandoned we 
can directly compare the results of that exact counting routine with the current MC program. 
The largest chain we have attempted to enumerate exactly has N = 18 links (resulting 
in exactly 64,570,082 accepted configurations). This gave a monomer distribution profile 
shown as the solid line of Figure 6.1. The partially obscured, broken curve represents the 
corresponding result simulated with our MC program, using only 10,000 random walks. 
The small deviation from the exact curve, stemming from expected MC fluctuations, is of 
an acceptable level considering the sample size chosen. Of course, increasing the number of 
configurations improves the agreement further. 
One reason for ignoring the internal energies of a chain is to circumvent the problem 
of inadequately sampling an important region of configuration space: those chain 
configurations having a large number of all-trans conformations. In this case the 
reprcxluction of the exact enumeration is quite poor, even for a relatively short chain of only 
10 links and using a large number of configurations (> 30,000). These dominant 
configurations, of course, need not have any preferred direction (e.g. perpendicular to the 
surface) and so our biasing technique is of no help. 
Having established the correctness of the MC program, and its limitations, we can 
embark on the study of systems outside the range of the exact enumeration. Hereafter, we 
concentrate on a grafting of chains of repeat length, N = 50. This chain size represents an 
upper limit we have imposed upon us, as even the MC simulation becomes prone to 
extreme noise for still longer chains, placing too much demand on computation time. 
For a dilute coverage of chains (e. g. at t} = 1012 grafting points per cm2), with the 
chains virtually in steric isolation, simulation results in a (neutral) monomer profile as 
hown by the solid curve in Figure 6.2. The relative smoothness of the curve (achieved by 
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FIGURE 6.1. Comparison of a Monte Carlo simulation of 10,000 configurations 
(- · -)with the exact enumeration result (solid line) of an N = 18 link chain. The 
coverage is at 3.75x1012 grafting points per cm2, 4 A= 25A. The plotted 
distance is scaled with NA,, as are all the following figures, unless otherwise 
stated. 
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a cubic spline interpolation through the simulation points) gives further encouragement for 
the continued efficiency of the routine - and as such is plotted as a continuous curve. 
Sterically isolated neutral chains are an ideal case for which configuration space can be 
uniformly sampled. As external influences come into play, focus is placed more on specific 
regions of this space. Consequently less adequate sampling occurs, the results of which are 
shown by symbols representing actual simulation values. 
For example, charging-up the chains introduces a preferencing for certain 
configurations: the extended chains dominate the ensemble. Fortunately, our algorithm is 
designed to deal with just such a circumstance. The remaining curves of Figure 6.2 
represent the (charged) monomer profiles at two electrolyte concentrations, 50mM and 
1 OmM, as indicated in the figure. The lower the concentration, the stronger the expansion 
of the surface coat. While the neutral system results in a smooth profile, the charged case 
highlights the incomplete sampling. In this figure, the charge per monomer - that is, the 
"fractional valence" (see Appendix 6C) - is taken as a = -0.4. It is clear that the 
electrostatics dominates the (essentially, self-) excluded volume interaction. Raising the 
monomer charge to full strength (discounting any monomer dissociation) will only enhance 
this effect. 
In Figure 6.3 are shown the electrostatic potentials (as solid lines) associated with 
the charged monomer distributions of Figure 6.2, at the two concentrations. These are 
contrasted with the double-layer potentials (broken lines) determined by amassing all the 
polymer charge as a surface charge (eNat}). For future reference this is termed the 
equivalent surface charge system, or simply the equivalent system. Both the coat and 
equivalent system potentials decay exponentially, with the coat potential being of slightly 
longer range which increases with K-1. At the surface both profiles must of course behave 
according to their respective boundary conditions resulting in a noticeable qualitative 
difference there. This difference also increases with ,c-1. 
With the increase in surface coverage of grafting points, t}, consistently invoking 
the periodic condition to mimic neighbor contact, certain configurations of phase space are 
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FIGURE 6.2. Segment density profiles of an N = 50 bond chain of neutral 
monomers (solid lines) and monomers having a fraction of (negative) charge, 
a= -0.4, at two concentrations: 50mM (0) and lOmM (x). The coverage is a 
dilute 10 12 points per cm 2 with 4 A= 2.5A. 
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FIGURE 6.3. The solid lines of this figure represent the electrostatic potential 
profile for the coat of charge having the internal parameters of Figure 6.2 at 
the same concentrations, as marked on the figure. The broken lines correspond 
to the potentials one obtains if all the polymer charge were amassed as a surface 
charge, ea-6N. 
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excluded from the ensemble with preference again given to the more extended chains. The 
monomer distributions of a neutral coat, at three surface densities, are shown in Figure 6.4. 
Increasing t'.} not only increases the magnitude of the densities but on average also extends 
the coat further into the half-space, z > 0. At all three coverages there is a pronounced peak 
in the distribution some distance from the surface. Such a peak has been found by 
Cosgrove, et al. (1987) (who have looked, albeit briefly, at a similar size chain) but is 
noticeably absent in studies of, firstly, much longer chains (Hirz, 1986; and again by 
Cosgrove, et al. (1987); both using the method of Scheutjans and Fleer (1979) modified 
for the grafted-chain case) and secondly in a MC, multi-chain, study of grafted short chains 
(N = 14) by Harris and Rice (1988). 
Admittedly, our simulation gave values for the monomer density at the surface 
slightly lower than did the exact enumeration, indicating the difficulty found in picking up 
those configurations lying close to the surface. While this difficulty is expected to get 
progressively worse for longer chains it is not thought to account entirely for the 
pronounced peak - the peak itself featuring in the exact enumeration. 
A possible explanation for the qualitative difference between these results and those 
of Harris and Rice may be found in the choice of lattice. Harris and Rice use a simple cubic 
lattice for their available half-space (reducing to a square lattice on the surface). Thus, a 
walker, finding itself on the surface, has 4 possible directions in which to proceed 
(neglecting reverse steps): one up and three along the surface, whereas in the tetrahedral 
case there is only one of each. Thus the cubic produces a greater probability of generating 
chains lying on or near the surface compared with the current model. As our simulation 
precludes a finite monomer size, a "correct" excluded volume treatment, as per the 
argument of Croxton (1986), is lacking. With this in mind, at no time did we find a 
discontinuity in our profiles. 
One final remark on this figure concerns the comparison with the mean-field model 
of Milner, Witten and Cates ( 1988). Although the coverages studied here fall into the 
regime best suited to the analytic model (the semi-dilute region) agreement between our 
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results and their description was difficult to achieve. No consistent set of (their) parameters 
would suitably follow our profiles for the three coverages. We argue that the case of 
medium-length chains, to which we are currently restricted, is outside the validity of the 
continuum model. 
To consider the problem of charged chains at a higher coverage than that assumed 
in Figure 6.2 (e.g. at 1013 cm-2), within the linear PB theory, regrettably necessitates 
reducing the fraction of monomer charge still further. In Figure 6.5 we look at chains with 
a= - 0.1, again at two concentrations, 50mM and lOmM. In Figure 6.6 the corresponding 
potential profiles are shown, accompanied by the potentials for the equivalent surface 
charge problem. The features first apparent in Figures 6.2 and 6.3 are reproduced in 
Figures 6.5 and 6.6. One interesting point is that even at this higher coverage and low 
charge fraction, the electrostatics still dominate over the (self- and now neighbor-) excluded 
volume interaction. 
Figures 6.7 show our findings for the interaction of two surfaces bearing a coat of 
chains. In Figure 6.7a we compare the interaction free energy, Gtot, for interacting neutral 
coats (open diamonds) with Gtot for interacting charged coats (filled diamonds and open 
squares), each with the same set of internal parameters, that is, t'.} = 1013 cm-2 and 4A = 
2.5A, N = 50. Naturally, for the neutral case Ae1 = 0. The interaction does not extend 
beyond a half-separation equal to the equilibrium height of a single coat. As the surfaces are 
brought in closer than this separation, steric forces come into play. These forces firstly 
compete with the coat's (entropic) ability to accommodate the chains within the confined 
space resulting in very little repulsive force, while at still smaller separations the excluded 
volume restriction becomes important prcxiucing a significant repulsion. 
The opposing charged coats produce a much longer ranged force arising solely 
from electrostatics. In fact, over the same separation domain studied the interaction of 
charged coats is much stronger than for the neutral coats, this latter being almost 
insignificant in comparison. The steric forces are overwelmed by electrostatics. Indeed, 
from Figure 6.7b, where we have plotted the interaction of charged coats, on a log scale, 
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together with the equivalent double-layer interaction free energy, it follows that the 
electrostatic influence predominates. Any configurational influence produces only a 
(relatively) small increase in the interaction. At large separations the decay is the same as 
that of the standard double-layer result but of slightly longer range. While at smaller 
separations the repulsion experienced by the coated surfaces is always greater than that for 
the bare surfaces. 
11rree comments should be made at this stage concerning the results of Figures 6.7a 
and 6.7b. Each in relation to the findings presented in the previous chapter. 
Firstly, we have been unable to reproduce as significant an increase in range of the 
electrostatic interaction over that of the equivalent double layer result, that we found there. 
This we attribute to the restrictive conditions we are obliged to work under. Namely, 
medium-length chains at low monomeric charge. We should also mention here that it is 
difficult to get accurate interaction data at large separations as the interaction free energy 
becomes very small while the MC errors remain unchanged. Athough some error is 
inherent at all separations the relative error diminishes with decreasing separation. The two 
data sets, corresponding to the case of interacting charged coats, demonstrate the variation 
in results upon different MC runs of 50,000 (open squares) and 40,000 configurations 
(filled diamonds). 
Secondly, at very small separations there appears to be no region in which the 
electrostatic interaction of the equivalent system is similar to the interaction of charged 
coats, as was found with the MWC model. In their description, as was explained in 
Chapter 5, the excluded volume effect is treated assuming only binary interactions between 
monomers. While this may be a fair approximation for isolated brushes in the regime of 
semi-dilute coverage, at small separations between two interacting brushes, higher-order 
terms become important leading to a greater repulsion than is predicted with the current 
state of that model. Consequently, in the comparison between interacting charged coats and 
interacting charged surfaces, the enhanced excluded volume effect should prevent the coat 
of charge from appearing as a surface charge and so no similarity is expected. While our 
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excluded volume treatment via self- and neighbor-avoiding walks on a lattice is perhaps too 
severe it bears a closer resemblance to reality than the binary interaction assumption, as 
Figure 6. 7b goes someway to demonstrate. 
Thirdly, the designated spacing between the set of two arrows of Figure 6.7b, as 
marked at each end of this figure, demonstrate a feature much more apparent in the MWC 
formulation of this same system, that is, the accomodation of the chains. It can be imagined 
that accomodation limits the rise in the work done in bringing the two coats to smaller 
separations compared with the corresponding finding for a fixed, though extended, charged 
distribution. Here the final result simply being near parallel behavior to the planar charge 
case but shifted to larger separations, although for more involved reasons than a first 
examination would proffer. 
In Figure 6.8 we show the effect on the monomer density profile of bringing the 
surface coats into compression. These relate to the interaction of charged coats discussed in 
the previous figure at the three separations, 2b = 30, 60 and 80 lattice layers. The results 
are naturally symmetrical about the midplane. The separation at 80 layers is that at which 
the two coats first touch. Between this and the next value, 2b = 60, is the region where the 
chains can easily accommodate to the confined space showing little change to the profile's 
shape and magnitude except in the immediate vicinity of the midplane. This results in only a 
small repulsion. In this region the electrostatics still dominates. In contrast, between 2b = 
60 and the smaller separation of 30 lattice layers (and below) the confinement begins to 
affect the profile much more. In this region volume exclusion effects are no longer 
negligible. From the figure it is apparent that close confinement exacerbates the peak in the 
distribution rather than diminishes it. With the chains preferentially running parallel to the 
surface it should not be surprising that many more monomers are found in the region 
midway between the surface and the midplane. However, the fact that the midplane and the 
surface do not have more monomers located there may also be a consequence of the 
peculiarities of this lattice together with the (severe) assumption of a hard wall contact at the 
midplane. 
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6.4 Conclusion 
In this chapter we have developed an algorithm for the simulation of a coat of 
chains, charged and uncharged, end-attached to an impenetrable surface. The electrostatics 
are formalized in the mean-field limit as described by the Poisson-Boltzmann (PB) equation 
though explicitly solved in the linearized PB limit. In addition, arguments are proposed for 
a derivation of the interaction free energy of two similarly coated surfaces. This energy of 
interaction includes contributions from the electrostatic energy of the entire system, the 
entropy of the mobile electrolyte and the configurational entropy of the chains. 
The expected response of the coat to the introduction of monomeric charges and 
subsequent variations with concentration is demonstrated by the monomer density profiles 
of Figures 6.2 and 6.5. This is despite the assumptions of linearization and the 
unphysically low fraction of monomer charge used. 
Other limitations, namely medium-length chains and sensitive MC results, make the 
evaluation of an interaction free energy difficult. However disconcerting these results are, 
further understanding of this system can be acquired from a comparison of these results 
with those of the MWC model. In particular, the inappropriateness of the assumption of 
binary interaction between monomers in extreme cases is borne out. 
The extension to the nonlinear PB system is needed, for then the full monomeric 
charge can be employed to at least enable a complete electrostatic picture within the 
mean-field framework. 
Apart from the high priority given to eliciting more accurate simulation data, 
consideration should also be given to an extension that will include the possibility of 
interdigitation of chains. This will lead to a more realistic description of the interaction of 
surf ace coats. 
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APPENDIX 6A 
Potential Coefficients 
For the case of an isolated surface coat equations (6.16a) and (6.16c) are relevant, 
and give two of the coefficients, 
d = 0 · 
+ ' 
C = C + 1 
- + ' 
1( 
where 
41tcr 
"(=-. 
E 
(6Al) 
The conditions of continuity of potential and derivative across the interface, equation 
(6.16c), give the remaining pair, 
L 
1 f 41tp (z) 
c+ - 2 P exp(-icz) dz , 
0 E 
(6A2) 
and 
L 
J 
41tp (z) 
d - .l.exp(-2KL) + P cosh(ic(2L- z)) dz . 
1C O E 
(6A3) 
For the case of two interacting brushes, not in direct contact, equations ( 6.16b) and (6.16c) 
apply. These result in, 
'Vrr (z) - G cosh(K(z - b)) , 
for the potential between the coats, at a separation 2b, and again 
C = C + 1 
- + , 
1( 
where 
41tcr 
y=-. 
E 
(6A4) 
(6A5) 
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The remaining constants are given by Eq. (6.16c), 
G -
where 
and 
sinh(lCL) rl - cosh(lCL) r2 
--------- and c = 
sinh(Kb) + 
sinh(K(L-b)) f 1 - cosh(K(L-b)) f 2 
2sinh(Kb) 
(6A6) 
L 
J 
41tp (z) . 
f 1 - - P sinh(K(L-z)) dz + 1..exp(-1CL) 
o e K 
(6A7) 
L 
J 
41tp (z) 
f 1 - - P cosh(K(L-z)) dz - 1exp(-KL). 
o e K 
(6A8) 
Finally, for the brushes in contact, Eq. (6A.5) is again found and symmetry about the plane 
of contact gives the remaining constant, 
C -
+ 
b 
J 
41tp (z) 
1exp(-Kb) + P cosh(K(b-z)) dz 
K o e 
2sinh(Kb) 
APPENDIX6B 
Linearized Electrostatic Free Energy 
(6A9) 
Before we begin linearization of the terms we can simplify Eq. (6.27) by looking at 
the expression, Eq. (6.22), for the configurational entropy of a chain. For chains with no 
chemical/bond energies, the internal energy of a chain is the sum of contributions from the 
interaction of individual monomer with the external field, 
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N 
uJ - ""' ea.'tf(~) . p ~ l l (68 .1) 
i = 1 
A closed expression for the ensemble average (per unit area) of this internal energy follows 
directly, 
N 
< up> _ < L eai'V(z) > 
i = 1 
N L 
- <L eai f 'lf(z) 8(z - z) dz>, 
i = 1 o 
L N 
- f 'lf(z) <L eai 8(z - z) >dz , 
o i = 1 
where the last configurational average is simply the definition of the charge distribution 
associated with the monomers, 
N 
p (z) - <""' ea. 8(z - z.) >. p ~ l l 
i = 1 
Thus, the ensemble average of the internal energy (per unit area) is simply 
L 
<UP> = J 1jl(z) P/z) dz. 
0 
(68.2) 
(68.3) 
Linearization of the charge density of the mobile ions is well known. From the form 
shown in (6.12) it follows simply that 
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L 2 2 0 P. (z) ;a:: - e Az. n. '"(z) , l oos t.J J J 'f (6B .4) 
J 
The sum over j is taken over all mobile ionic species. With this form one can easily show, 
by simply expanding the integrand in the square bracket of Eq. (6.26), that the two terms 
there each give an integral of the product of Eq. (6B.4) with 'V but of opposite sign and 
therefore cancel. 
To leading order, then, the linearized electrostatic free energy (ignoring the chains 
for the moment) is simply given by the surface charge integral of Eq. (2.26), which can be 
evaluated to trivially give, mv(O). 
In the absence of chains the linearized, electrostatic interaction free energy, at 
constant charge, is thus given by 
(6B .5) 
While at constant potential is given by, 
(6B.6) 
Explicit solution of the linear PB equation and subsequent evaluation of the surface 
potentials and surface charges, following from the appropriate physical constraints, gives, 
Gib) = 2~T ( 41ticr J (coth (Kb) - I) , (6B.7) 
and 
(6B .8) 
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as the expressions for the int. free energy at constant charge and potential, respectively. 
These expressions confirm earlier results found by integrating the linearized pressure at 
constant charge and potential (see Chapter 5). 
APPENDIX6C 
Numerical Details and Difficulties 
From the restrictions on generation of the walks, in particular to the self-avoidance 
criteria, it follows that the positions of all occupied sites on the lattice must be stored within 
each configuration. This can be done by defining an integer array containing all sites on the 
lattice and taldng the values 1 or O for an occupied or unoccupied site, respectively 
(McCrackin, 1967). Or, as we have done previously (Chapter 2) using a logical*! array for 
the same purpose: before starting a walk all lattice points are given the value of "false" 
which are changed to "true" as the segments begin to occupy sites on the lattice, this has the 
advantage over the integer array scheme in that it saves on computer memory. In this 
program, however, neither of these schemes were employed, instead the actual (a,b,c) 
coordinates of each segment were stored for testing of self-avoidance, hard wall contact, 
etc .. This technique, although somewhat more time-consuming (given that simultaneous 
tests on all three coordinates had to be carried out for the self-avoidance condition), 
provided for the possibility of saving information from the whole ensemble of walks which 
proved to be very useful later when carrying out the calculations involving the 
self-consistent electrostatics. For all productive calculations, N = 50, although we had 
tested the program against an exact enumeration version for chain lengths up to 18 bonds. 
The number of configurations ranged from 10000-65000. The bias parameter, r, we varied 
depending on circumstances from 1.0 (for no bias) to 0.5 (for a fairly strong bias). On a 
Fujitsu VPlOO these calculations involved 3-60min of CPU-time, while on a microvax 780 
the same runs took the better part of 3-24 hrs although each invariably took a frustrating 
amount of real time. 
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At any reasonable coverage of chains, the total amount of charge carried by the coat 
would certainly invalidate the use of the linear PB equation except at quite high 
concentrations. In its current implementation however it was found that for the program to 
remain numerically stabile we were forced to consider salt concentrations giving a 
De bye-screening length, 1cl, comparable to the length scale of the polymer, N"13'A. This 
resulted in quite high potentials which, apart from grossly exceeding the bounds of validity 
of the linear PB equation, introduced other numerical difficulties. So as to circumvent the 
inherent problems, as much as possible, the charges on the chain were scaled down with 
respect to the full unit of charge, e. Here, the fractions of monomer charge: a= 1/20, 1/10 
and 2/5 were invariably used. These may seem somewhat artificial. However, as the work 
is geared for descriptive purposes rather than for quantitave accuracy this does not detract 
from the results as the essential features of the problem can nevertheless be demonstrated. 
. 
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In this thesis we have concentrated on the study of polyelectrolytes arising in two 
geometrical situations, in isolation and end-attached to a rigid surface. The electrostatic 
aspects of these problems we have treated in the mean-field limit described by the 
Poisson-Boltzmann (PB) equation, while the polyelectrolyte's statistical properties have 
been handled by both analytical and numerical means. 
On the analytical side we have, in one instance, obtained from first principles an 
approximate, closed expression for the segment distribution, and in another, relied on an 
analogy with classical mechanics to provide us directly with a formula for this same 
function. Numerically, we have employed both exact enumeration for the case of short 
chains and Monte Carlo (MC) simulation for the case of much longer chains to determine, 
among other things, segment distributions. Together, the electrostatics and the chain 
statistics are evaluated self-consistently thus at all times ensuring that the total free energy of 
the system in question is appropriately a minimum. 
We have applied the above methods to the study of: the electrophoresis of 
polyelectrolyte coated particles; the potentiometric titration of polyelectrolytes in suspension 
and the interaction of polymer/polyelectrolyte coated surfaces. 
In general, our mean-field treatment of the electrostatic interaction between the 
polyelectrolyte subunits themselves and between these and the mobile electrolyte ions is 
valid in the KL - 1 regime. That is, when the scale of the electric double-layer, K-1, is 
comparable to the length scale of the polymeric chain (for short chains this is the extended 
chain length while for long chains is generally the rms end-to-end distance, -VNA). 
However, it is also expected to be reasonably well behaved provided KA « 1, that is, 
provided the size of the ionic cloud formed around a single charge is much larger than the 
connecting length of neighboring segments along the chain. For the case when KL» 1, it is 
considered sufficient to assume a screened electrostatic potential such as the Debye-Hnckel 
interaction potential, - exp(-Kr)/r, between monomeric species. While for KL« 1, the 
configuration of the polyelectrolyte is essentially unimportant, as far as the electrostatics are 
concerned. 
I 
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The work reported here can only represent a beginning for the study of these 
systems. Although we have already mentioned in the individual chapters logical and feasible 
directions for the extension of the ideas intrcx:iuced here, we shall briefly reiterate the major 
' 
points. 
Studying much longer chains than that considered in Chapter 2, with KL> 1, using 
MC methods (as we have done in Chapter 6) may go some way to explain the unexpected 
agreement between the mobility deduced from our self-consistent coat description and the 
results found with the simpler, uniform coat assumption. 
With the model presented in Chapter 4 we have successfully examined many of the 
effects on a polyelectrolyte's properties coming from internal as well as external variables. 
Comparison with models of fixed conformation reveal significant differences that cannot be 
overlooked. The model can easily be reformulated for the case of a dilute polyelectrolyte 
dispersion and then compared with experimental titrations of macromolecules. Though 
more difficult, the extension of this work to account for the sphere-to-rod transition is not 
impossible. The problem will evolve into a two-dimensional calculation for both the chain 
statistics and electrostatics. 
In Chapter 5 we have made direct use of the model of Milner, Witten and Cates 
(1988) revealing a host of novel results concerning the interaction of surfaces bearing 
charged coats. Notwithstanding, certain restrictions present in that model can now be 
abandoned. For instance, the assumption of binary interactions between neighbor 
monomers valid in the semi-dilute regime of coverage, can be replaced by a form valid at a 
much higher coverage; the charge per monomer can also be increased and then the entire 
system studied in the nonlinear PB regime. The numerical version of this same problem 
(Chapter 6) can be similarly extended. In the nonlinear calculation, a higher monomer 
charge-fraction can be assumed, hopefully producing an enhanced interaction between 
coated surfaces, compared with the corresponding interactions between surfaces having an 
equivalent surface charge, than we have found here. Interdigitation of interacting chains 
should also be considered as a next step. 
Ii 
136 
As it stands, the work presented in this thesis is representative of more advanced 
treatments of polyelectrolyte systems than may have previously been adopted, as here we 
have included the flexibility of the chains and required that the entire system, electrostatic 
and configurational, remains self-consistent. It provides us with some qualitatively and 
quantitatively novel behavior while, even otherwise, increasing the level of understanding 
of polyelectrolytes and their influence on such systems. Most importantly it demonstrates 
the need to consistently include chain configurational properties in the solution of 
polyelectrolyte problems whenever and wherever they arise. 
